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Designer pulsed beams for enhanced space-time focusing
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We have demonstrated analytically and numerically that at least 10-100-fold enhancements in intensities for
similar input energies can be achieved in the focal region of a thin dielectric lens by the use of pulsed beams
specifically designed for that purpose.

Pulses that are less than 10 fs in duration and
contain as few as 4 cycles can now be generated.
If one considers a 1.0-mJ, 10-fs pulse focused to a
1.73-/Lm spot, the resulting intensity at the focus is
approximately 1 x 1018 W/cm2. This is just below
the threshold of the domain where some researchers'
have claimed that a variety of novel physical effects
in laser-matter interaction could be studied exper-
imentally. These effects include nonlinear (multi-
photon) Compton scattering and the generation of
large-amplitude waves to accelerate electrons. They
deal with the relativistic response of electrons to
the large field strengths present in such intense
optical pulses. If there were a means to achieve a
more intense focus with current systems, the desired
intensity realm, 1019_1021 W/cm 2 , could be reached
more quickly.

In analogy with known CW (i.e., time-harmonic
or monochromatic) results,2'3 we expect that the
properties of a pulsed beam focused by a thin lens
should reflect its far-field behavior. Ziolkowski4
and Ziolkowski and Judkins5 have shown that
ultrawide-bandwidth (UWB) pulsed beams can
be designed so that their maximum intensity
properties are enhanced relative to their energy
characteristics. Thus a properly designed lens-
focused ULWB pulsed beam should exhibit intensity
enhancements similar to those achievable with an
aperture-generated pulsed beam. If we assume
that a circular aperture A of radius a in the plane
z = 0 is driven everywhere with the Gaussian
spatially tapered, arbitrary-time-signal, pulsed
beam, G(p, X, z = 0, t) = EG exp(-p2/wO2)F(t), where
the time signal F(t) has the Fourier transform
F(co), the effective frequency4 '5 WOrad of the UWB
pulsed beam radiated by this aperture reduces to

Wrad =

Jx~~~~~~1
dtlaF(t)/atI 2

J dtIF(t)12

dcow 2 lF(CO)12

7 dc wP )12

(1)

generated by this aperture is LG = TWO 2 /Arad, and the
divergence of its energy profile is 0 G =
where Arad = 2 7rc/(Orad. If a thin circular lens of focal
length f is now introduced into the initial aperture,
one can represent the effects of the lens by introduc-
ing its transfer function into the Huygens-Kirchhoff
representation of the field generated by the aperture.
At the center of the focal plane, where z = f and p =
0.0, an explicit analytical expression for the resulting
lens-directed pulsed-beam field is obtained 6 :

g(p = 0, ,z = f, t) - Eo--
f Wrad

X {l - exp[-(a/wO) 2]} a t F(t - f/c).
at

(2)

Thus, in general agreement with Sherman7 and
Bor and HorvAth,8 the behavior of the lens-directed
pulsed beam at the focus depends on a retarded time
derivative of the initial signal. The appearance of
the time derivative in the far-field behavior of a
pulsed beam has been established.4 5

More explicit statements about the focal re-
gion behavior can be obtained from relation
(2). The input energy Ein along the axis is
given by Ei,, = f -,dtIG(p = 0, , z = 0,t)12; the
energy radiated along the propagation axis is
Erad(Z) = f-.dtlg(p = 0,4),z,t)12. Then the focal
amplification factor YAenrg = Erad(f)/§E, which
measures the energy concentration at the focus, is
obtained from relation (2) as

TArenrg = 1 - exp[-(a{WO) -]}(LG/f)2 (3)

Let maxt u(t) represent the operation of finding
the maximum in time of the function u(t). Again
from relation (3), the focal amplification factor

def
-TAirt d- maxtIg(p = 0,kz = f,t)12/maxtIG(p =
0, 4), z = 0, t)12, which measures the maximum
intensity concentration at the focus, is

F-Aintj Yint.Tenrg P (4)

This effective frequency (Orad accounts for the spec-
tral energies launched into the medium, particularly
those reaching the far field. The Rayleigh distance
of the radiated energy of the Gaussian pulsed beam

where we have introduced the intensity enhancement
factor

Yint = (5)
maxt~aF(t)at 12

O)rad2
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If F(t) represents a monochromatic signal with
co = Wrad, then one finds Yicntw E 1 so that
FAicwV = yF cw. Therefore from relation (4) we find

it enrgthat if we design an UWB pulse that has the same
energy in the focal region as does the corresponding
CW signal, i.e., if we force YJAuwB = .- Aeg, then
the UWB and CW maximum team intensities
at the focus satisfy Fluwr = YiunwBFZAicn w
Thus, depending on the design of the driving
time signal FuwB(t), one could obtain a signifi-
cant intensity enhancement at the focus if
YuWB >> 1. Correspondingly, it has also been
shown6 that the waist of the maximum intensity
profile in the focal region can be designed to
be narrower than the energy profile: wijt(f) s
Wenrg(f) (f/LG)wo = enrgf.

The intensity enhancement factor [Eq. (5)] can be
made greater than 1 if one increases the ratio of the
maximum radiated intensity over time to the average
radiated intensity in time (radiated energy), i.e., the
point quantity, maxtjaFuwB(t)/atj2, must be made
larger than the average quantity, Wrad2. We have
designed 6 a variety of pulses that achieve this con-
dition. One such intensity enhancement (IE) pulse
is given by

FIE (t) = 
-(1 -x2)4

-1 + 2(1 - X2)4
(1 -x2)4

x = -1.0 + t/T, for 0 ' t ' T1
x = (t - T2)/(T2 - T1) for T, ' t ' T2 -
x = (t - T2)/(T3 - T2) for T2 ' t ' T3

7.339 /um, T = 245.233 fs (i.e., 24.523 fs per cycle),
and yIE = 0.995. For the 1-cycle pulse we found
that corad IE = 8.979 x 10s, 5o that AradIE = 6.290 /m,
T = 24.523 fs, and YIE = 1.308. The lens used in
the BOR-FDTD simulations was double parabolic
and thin. For all the numerical cases the lens was
located at z = 3.0 /um; its thickness was d = 2.25 ,um
at its base, and its index of refraction was n = 2. The
lens radius was a = 9.0 /um, giving a focal length
of f = a2/[2d(n - 1)] = 18.0 /um and, hence, an
f-number of 1.0. The waist of the initial Gaussian
pulsed beam was set to w0 = 6.0 /.Lm.

The UWB IE, the 10-cycle, and the 1-cycle (nor-
malized to one) pulses used in these simulations and
their Fourier power spectra (normalized to the 10-
cycle pulse's maximum) are shown in Figs. 1 and 2.
Comparing these three signals, one finds that, even
though they represent only a small portion of the
total energy, the high-frequency components present
in the UWB IE pulse play a significant role in the
intensity enhancement. They allow the large inten-
sity (instantaneous) values resulting from the time
derivative to occur. The lower-frequency compo-
nents nonetheless are providing significant amounts
of energy to the focusing process-otherwise the

(6)

This pulse has a continuous time derivative every-
where; and if we set T, = ma, T2 - T, = 8, and T3 -
T2 = m8 so that T3 = (2m + 1)8, we find numerically
that for 8 = 3.0 fs and m = 15, the effective frequency
is Orad,IE

2 = 6.564 x 10, so that AradIE = 7.357 nm,
the time record length T3 = 93.0 fs, and the intensity
enhancement factor YIE = 24.5. Careful analysis 6 of
the properties of this pulse indicates that the positive-
to-negative switch time 8 controls the size of the in-
tensity enhancement factor. With this fact in mind,
we consider a different case, in which 8 = 0.25 fs and
m = 88, so that AradIE = 1.412 /um and T3 = 44.25 fs.
The intensity enhancement factor now becomes YIE =

131.93. Thus one can achieve a greater than 100-
fold increase in the maximum intensity at the same
energy in the focal region of a thin dielectric lens with
a properly designed UWB pulse. Note that these
results are realizable in any designated frequency
regime simply by an appropriate change in the time
scales.

A body-of-revolution finite-difference time-domain
(BOR-FDTD) simulator,6 which solves numerically
the full-wave vector Maxwell's equations for this lens-
focusing problem, was used to test these predictions.
In particular, the intensity enhancement pulsed
beam was compared with a lens-focused 10-cycle
windowed CW driving signal, Fio-cycie(t) = [1 -
x(t) 2 ]4 sin[10(2,rt/T)], and a lens-focused 1-cycle
pulsed-beam initiated with the driving signal,
Fl-cycie(t) = -(16/T)x(t)[1 - x(t)2 ]3 where the term
x(t) = 1 - 2t/T and T represents the total duration
of the signal. For the 10-cycle CW pulse we
found that radjE = 6.597 x 1 so that AradIE =

1.0
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Fig. 1. UWB IE, the 10-cycle, and the 1-cycle pulses used
in the lens-focused pulsed-beam simulations plotted as
functions of time.
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Fig. 2. Fourier power spectra of the UWB IE, the
10-cycle, and the 1-cycle pulses used in the lens-focused
pulsed-beam simulations plotted as functions of the
frequency.

- WB IF
-O. lyde

X~~~~~~~~~~~~~ yl

285



286 OPTICS LETTERS / Vol. 19, No. 4 / February 15, 1994

20.

E 15.

O.,

10

5 

0 
5 10 15 20

Axial distance( lm )
25

Fig. 3. Intensity enhancements near the focal region for
the UWB IE, the 10-cycle, and the 1-cycle pulsed beams
focused by the thin dielectric lens plotted as functions of
the distance along the propagation axis.
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Fig. 4. Waists near the focal region of the UWB IE, the
10-cycle, and the 1-cycle pulsed beams focused by the thin
dielectric lens plotted as functions of the distance along
the propagation axis.

UWB IE pulsed beam could not achieve the same
energy (average) value at the focus as the narrow-
bandwidth 10-cycle pulsed beam or the broad-
bandwidth 1-cycle pulsed beam. As in previous
analyses,4 5 we find that the higher-frequency com-
ponents of a properly designed UWB pulsed beam
act as a molasses that coheres the lower-frequency
components to them as the entire pulsed beam
propagates through the system.

These UWB IE, 10-cycle, and 1-cycle pulse values
were chosen as an extreme comparison case to illus-
trate the dramatic differences between the intensity
and energy behavior of an UWB pulsed beam in the
focal region. The indicated parameters give LG/f =
0.86 in the 10-cycle CW case and L 0/f = 1.0 in the
1-cycle CW case. These values indicate that the
energy of the CW pulsed beams is not expected to ex-
perience any focusing effects in the focal region of the
lens. The same energy behavior is expected in the
UWB case. These energy behaviors were obtained
with the BOR-FDTD simulator. After an initial re-
distribution of their energy by the lens and a slight
focusing, the energy profiles of all the pulsed beams
were expanding in the focal region of the lens as
predicted. Moreover, the predicted time derivative
behavior in the focal region was recovered in all cases.

The maximum intensity results obtained with
the BOR-FDTD simulator are illustrated in Figs. 3
and 4. In Fig. 3 the intensity enhancements of the
UWB IE, 10-cycle, and 1-cycle lens-focused pulsed
beams are plotted as a function of the distance along

the propagation axis. Note that noisy data in the
10-cycle case, which occurs in the numerical param-
eter extraction process, has been omitted simply to
make the results clearer. Despite similar behavior
for the energies of the lens-focused pulsed beams,
there is a clear difference in the behavior of their
maximum intensities. The numerical intensity
enhancement factors at the focal plane z = 17.2 ,um
of the UWB IE pulse were ylo-cycle = 0.55 yl-cycle

0.93, and YiunwB = 20.52. The maximum intensity
1-ycle -ylenhancements, Y1t-cy = 1.52 and ylcycle = 1.41,

for the 10-cycle and 1-cycle cases occurred near
the lens and well away from the expected focal
region. In Fig. 4 the corresponding waists of the
maximum intensity profile are plotted. The maxi-
mum intensity profile waists in the UWB IE focal

W10-cycle 1-cycleplane are Wint = 6.0 /m, wit = 5.15 .m, and
wiuwB= 2.25 gum. The agreement between the above
numerical values for the intensity enhancement
factors and waists and their analytical counterparts
is very good. Similar results for 1-cycle, 10-cycle,
and UVVB IE cases with smaller Arad (hence, larger
LG/f factors to give energy focusing) are reported
in Ref. 6.

The analytical and BOR-FDTD simulation re-
sults clearly demonstrate that one can achieve
significantly enhanced behavior in the focal region
with properly designed UWB pulses. Because the
results in this Letter are scalable to any wavelength
regime, we believe that optical experiments could
be designed and performed to confirm the intensity
enhancements reported here. Pulse shaping even
in the subpicosecond regime has been reported
recently.9 On the other hand, the BOR-FDTD
simulator results indicate that ultrashort, ultrasmall
device structures in the femtosecond, micrometer-
sized regimes can be used to achieve these effects.
Practical applications for these UWB intensity
enhancement systems may include particle accel-
eration, fiber-optic communications sources and
detectors, and photolithography.
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