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Nonradiating and Minimum
Energy Sources and Their Fields:
Generalized Source Inversion Theory and
Applications

Edwin A. Marengo Member, IEEEand Richard W. ZiolkowskiFellow, IEEE

Abstract—A new general framework for characterizing scalar pects. The general source inversion and NR and ME source re-
and electromagnetic (EM) nonradiating (NR) and minimum en-  suylts presented in this work are relevant to antenna analysis and
ergy (ME) sources and their fields is developed that is of interest synthesis and to inverse scattering [15]. We also develop a new

for both radiation and source reconstruction problems. NR sources vsis tool based on the d ii f d
are characterized in connection with the concept of reciprocity as source analysis tool based on the decomposition ofa source an

nonreceptors. Localized ME sources are shown to be free fields its field into their radiating and NR components. The purpose is
truncated within the source’s support. A new source analysis tool toisolate the field and energy roles of the radiating and NR parts
is developed that is based on the decomposition of a source and itsof a source. In fact, a portion of this research was motivated by
field into their radiating and NR components. The individual ra- e question, “Is the NR component of a source spurious? O,
diating and reactive energy roles of the radiating and NR parts of .
a source are characterized. The general theory is illustrated with a on the contrary, can 't. be useful to_the ove.rall performance of
time-harmonic EM example. an antenna?” A question of much interest is whether a source
can be modified by adding NR sources to it so as to minimize
its reactive power.
In Section II, we formulate the general theory inadimen-
|. INTRODUCTION sional spatial or spatial-temporal coordinate space. We establish
; ; e . anew characterization of a NR source in terms of its interaction

HIS paper characterizes, in a unifying general theoretlc%f:h fields produced outside the NR source’s support. The new

framework, new and old results on nonradiating (NR) anV(\L terizati i hvsicall h * Of reCi i
minimum energy (ME) sources [1]-[3] and their fields, witrhharacterization relies physicaily on the concept ot reciprocity
Hg also leads to a number of new results on ME sources and

applications to source analysis and reconstruction. We pres X )
bp y P eir fields. We show that ME sources must be free-fields trun-

this framework in the context of the inverse source proble ted within th ; ‘S ; it
(ISP) in which one seeks to reconstruct an unknown source fr&fcd Within the Source's support. Some of our results are gen-

knowledge of its radiated field outside the source’s support [ ralizations to arbitrary sources and fields of results derived be-
[4]-[14]. The general NR and ME source-field descriptions d dre, for special cases, by Frigdlander [1.6]’ Kif“ and Wolf [.17]’
rived in this paper apply to any source-field system (scalar Pd others' [14]’ [18]. In Secuon. III,.we !nvest|g§1te the unique
electromagnetic (EM), time-harmonic, or transient) in an ar lecomposition of a source and its field into their radiating and

trary linear medium (homogeneous orinhomogeneous) and sub- parts. A new form of power budget analysis is carried out

jected to arbitrary boundary conditions. We also investigate ;ﬁ/ It(':h Isol?jtel\TF:he radiating and reatlcn\%ehenergy rolles of thef_r?é
unique decomposition of a source and its field into their ra 1ating an source components. 1he general source-ie

ating and NR parts and the associated power budget. decomposition and power budget analysis is illustrated for a

In this paper, we build upon the lines of [13], [14], and forpme—harmomc current distribution in a one-dimensional (1-D)

mulate the ISP in a general linear operator framework in Hilbef fe-space. The 1-D results apply to transm|s§|on lines qnd also
space. The paper aims to develop a new physical picture of | lést_rate many of the g_eneral results of Section Il. Section IV
ISP and, in particular, of both NR and ME sources and theg'rowdes some concluding remarks.

fields rather than to address the associated computational as-

Index Terms—nverse problems.

Il. GENERAL THEORY

A. Review of the General Linear Operator Formulation
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vector source distributiop of supportD’ in ann-dimensional TABLE |

x space wherg € i denotes the space or space—time Coordl?_ELEVANT SPACE ORSPACE-TIME COORDINATES (r OR(r, t), RESPECTIVELY),
. FIELD, SOURCE AND PD OPERATORASSOCIATED WITH SOURCE-FIELD

nates of the problem at hand. Table I lists the relevant Spacesp&rems orINTEREST FORELECTROMAGNETIC AND ACOUSTICAPPLICATIONS

space-time coordinates 6r (r, ¢), respectively), field, source,

and second-order PD operator associated with source-field s

tems of interest for EM and acoustic applications. Coordinates (x) Field () ~ Source (o) PD Operator (L)
We formulate the inverse problem of finding an unknow

sourcep, knowna priori to be nonzero only within a certain (r,t) P(r, 1) p(r, 1) vz - ;153%2;
space or space—time regi@H (the source region) from knowl-
edge of the fieldy in a certain field regionD disjoint to D’. r P(r) p(r) V2 +k?
To address this problem on physically reasonable grounds, oy 1ps
define the Hilbert spac&” of square-integrabléL,) sources r E(r) I(r) (VX VX — k%)/liwp)
of supportD’ (the solution space) and the Hilbert spacef
L, data fields) that are nonzero only withif (the data space)
and assign to them the respective inner products whereP1 is the adjoint ofP, defined by

(plo)x = /D e pt () (x) @) (p| P1)x = (Pp|d)y. @)
and We find by using (2)-(4) and (7) that

W1y = [ it i © find by using (2-(4) and (7) tha
where* denotes the complex conjugate. The data figlid re- (PT)(x) = M, (X)/ d"z' Pp(x")G" (%', x)
lated top via 7

B = MS(X)/ d" ' P(x)G* (x,x") (8)
P(x) = (Pp)(x) = Mg(x) | d"2' p(x)G(x, %) (4) P
D’ ~
hereGisthe G function of the adjoint probl iated

whered is the scalar or dyadic Green function associated Wimtﬁr(el) geee e geerc;mI;: IE(S);O? anz ?2110|2hpg;) Vihme?és;;ga ©

the PD operatoL and the given boundary conditions, whereaﬁ] king function defined b
M; is the field-masking function defined by © source masking function defined by

. f x /
My (x) = {(1) I(:I;(e.E Y ®) M;(x) = {(1): Ielse.6 N ©)

We shall refer to the linear mapping: X — Y defined by (4) The second of (8) follows from the reciprocity condition

as “the propagator.” G(x,x') = G(x',x) (see, e.g., [20, p. 883]). The linear map-
The inverse problem in (4) admits a solution only if the datging Pt : Y — X backpropagates the data field into the source

field ¢ isin the range(P) = {¢ € Y |¢) = Pp,p € X} of P region wheread® P : X — X andPP! : Y — Y. Finally, to

as defined by the Picard conditions [13]. This problem does ngbncjude this review, if the data field is not physically realizable

in general, admit a unique solution due to the possible presefin sourcesp € X (i.e., v ¢ R(P)), then one can seek

of nontrivial sources v (to be referred to as “invisible sources"approximate solutions, such as the usual least squares solution

[19]) in the null spaceV(P) = {p € X |Pp = 0} of P. Any  of minimum L, norm in the orthogonal complement(P)*
L NR sourcepng of supportD’ whose field vanishes entirely of N(P) [22].

outside D’ is classifiable as invisible. However, the converse

is not al\_/vays true since, depend_ing on t_he_prot_)lem gonsidergq,NR and ME Sources and Their Fields

there might be sources generating vanishing fields in the rele- ] )

vant observation regioP while generating nonvanishing fields Next, we derive a number of previously unknown funda-

outsideD. An example arises in connection with the ISP witfnental regults on N_R and ME sources and their fields of interest

discrete far-field data in which the far fields are specified for cefor both direct and inverse problems. We also show how some

tain discrete observation directions. In general, there might Bgour general results lead to a number of previously known

sourcepy € N(P) generating nulls in the radiation pattern afesults correspondlng to special cases. We focus primarily

those particular directions while generating nontrivial far field@" L2 localized sources, although some of the more general

at other directions. results can be obtained by treating the sources in the sense
As long as a solution to the ISP exists, one can always mae distributions. In fact,. we first consider general localized

it unique by enforcing the additional constraint of minimizingf'o“r?eS; later, we specialize our more general results,to

the source’s., norm({p| p)x )!/2. The solution in question is 0calized sources.

the usual ME solutiopyr, [2], [9], and is given by the pseudo- 1) A New Characterization of a NR Sourc&Ve let:yngr be

inverse ofP [13] an arbitrary scalar or vector field that is completely contained
- in a certain bounded regiol’ (so thatyxr(x) = 0if x ¢
pvn(x) = [PHPPH71](x) (6) D). It follows immediately thapng = Ling is a (perhaps
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distributional) NR source of suppal?’ such that its generated The general orthogonality relation (12)—(13) or its formally

field [1], [16] self-adjoint PD operator version (13)—(14) can be shown to be
both necessary and sufficient for a source of supfrto be

Ynr(x) = [ d' pnr(X)G(x,X) =0 ifx ¢ D'. (10) NR. Forthe usual scalar and EM sources listed in Table I, this
1 can be stated as followA:scalar or EM source of suppoB’ is

Moreover, it has been known for some time that any NR sourt if and only if it obeys the orthogonality conditi@tB) with
of supportD’ can be written in that form. Now, sinaéyy re- '€SPectto all solutions dfL4). That this condition is necessary
sides entirely within the NR source regid, it then follows is precisely the statement made in connection with (12)—(14). To

from the generalized Green theorem (see, e.g., [20, p. 870-g AW sufficiency, we note that" (x’, x) obeys(LG")(x', x) =
that 0if x' ¢ D' andx € D’ so that from (13)—(14)

/ " (X)pr(x) = / " (%) (Lypsm)(%) Par(X') = /D AMzpNr(x)G(Xx) =0 if X' ¢ D'

:/ d"z(Lv*)(x)¥xr(x)  (11) which is precisely the NR condition (10). The orthogonality
! condition (13) and (14) thus provides a new characterization of
for any functionw, wherel is the adjoint of the PD operatdr a scalar or EM NR source. An alternative proof of this result is

as defined, e.qg., in [20, ch. 7] and [21, ch. 9]). The last intg_iven in the App(_anQix.
é]ral in (11) is sgen to[ vanish (‘r%v*)(x[) -0 (or,]t)equivalently, Next, we specialize the new NR source results (12)—(14) to

! , ;
(Lv)(x) = 0) for x € D’. We have thus found NR sources OtLg NR sources of suppo®’. In particular, we show that the

supportD’ to be orthogonal to all solutions (within the entireCondltlons contained in (12) and (14) can be putin a slightly dif-

source regior?’, its boundan@D’ included) of the homoge- ferent but less restrictive form if the NR sources considered are

neous form of the adjoint PDE of the corresponding source-fielf(g]own o be not on_Iy I_ocahzed but alde,. To accomplish this
oal, we note that if. is a second-order PD operator, then the

; ; / g
system. Thus, ipxr is @ NR source of suppor?” and vanishing forx ¢ D’ of the NR fieldyxg associated with the

( iv)(x) -0 ifxeD (12) NR sourceong = Lipng automatically forces bothing and its
normal derivatives to obey homogeneous boundary conditions
then on the boundary D’ that bounds)’ so long as the NR source
lacks single-layer and higher order singularities (as defined, e.qg.,
d"zv* (%) par(x) = 0. (13) in[24, ch. 1]) ond D', as is, in fact, the case, fdr.(D') NR
D’ sources. The above-stated NR boundary conditions were de-
rived first by Gamlielet al. [25] for bounded scalar sources to
the inhomogeneous three-dimensional (3-D) Helmholtz equa-
W5h and rederived later by Bermt al. [26] for the 1-D case.
These NR boundary conditions have also appeared in two recent
PN y papers dealing with scalar NR sources and their fields [27], [28].
(Lo)(x) =0 ifx € D', (14) Now, the vanishing ofsxr on the boundarg D’ of D’ enables
Kim and Wolf [17] arrived, by means of a different procedureiS o relax the previous results which apply to any NR source
at the orthogonality relation (13)—(14) for continuous scalar NgPnfined within 1", In particular, when dealing wittd.»(D")
sources in the context of the inhomogeneous Helmholtz eq@Urces, we need not require (12) and (14) to hold within the en-
tion (whereL = V2 + k2). Here, we have put forth that resulttire source regior (its boundaryd D" included), but instead
in a more general context (12)—(14), valid for any source-fiel§€ require them to hold just in the interior &f, its boundary
system. 0D’ possibly excluded. Whether (12) and (14) hold or not on
In addition, we can use (12)—(13) to generalize a result pre’ is then inconsequential, as can be deduced from (11), be-
ously derived by Friedlander [16] in the context of the inhomd:ause of the above-stated guaranteed vanishigg.afonoD".
geneous scalar wave equation (whére= V2 — ¢292/9¢2). We have then arrived at the following, version of (13) gnd_
By noting thatG*(x’, x) obeys(LG*)(x',x) = 0if x' ¢ D' (14).Letv € X = L,(D’) be an homogeneous field solution in

If the PD operatot. is formally self-adjoint so thal. = L (see,
e.g., [23, p. 154]), as is the case for all the source-field syste
listed in Table I, then (12) takes the special form

andx € D', one concludes from (12) and (13) that the interior of D" so that( Lv)(x) = 0 if x € I’ (the boundary
. 0D’ of D' excluded). Thenpnr € X is anL,, scalar or EM
/ d"a:pNR(x)é(x’ X)=0 ifx' ¢ D NR source of suppor®’, if and only if
(v]pxr)x =0 (15)

For example(? and@ can be a retarded and an advanced Green

function, respectively. One also deduces that if a source is NBt all v € X. The result (15) is consistent with the orthogo-
relative to a retarded Green function, then it must also be NRlity relation{t | Ppxr)y = (P | pxr)x = 0 since scalar
relative to the corresponding advanced one and vice versa. TttisEM backpropagated field®t: produced outside the NR
generalizes Friedlander’s result[16, theorem 3.2 ] to any sourseurce’s suppord’ must obey( L Pf+))(x) = 0, at least within
field system. This includes systems whéres not formally self the interior of D’, as can be shown using (8) and (9). Because
adjoint. of the truncation, withinD’, of (P+)(x), (LP)(x) will
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contain, in general, single- and/or double-layer singularities on \fw\“
oD’, which in no way affect the validity of (15). {

2) The Wave Nature of ME Sources and Their Fields: )t
ME sourcespyr € X = Lo(D') of supportD’ are orthog- L) ()0
onal to all NR sourcegng € X. It thus follows from (11) 7, "7,
that any ME sourceye € X must obey, within the interior of E = @ + 4 EME;;‘
the source regiod’, _|ts_ boundaryy D’ excluded, t_he homoge_— i 7y %Ei{(;;o
neous form of the adjoint PDE of the corresponding source-field
system (since this and only this ensures the vanishing of the or- P = P + P

NR ME

thogonality integral in (11) withy = pyg for arbitrary¥'xg).
One reaches the same conclusion from (6), (8), and (9). ThH@t 1. AnyL.(D’) current distributionJ(r) can be uniquely decomposed

for a formally self-adjoint PD operatdr into the sum of a NR payr(r) that generates a NR field confined entirely
within D’ and a purely reactive power plus a radiating ME gtz (r) that
generates an identical field as the total field fog¢ D’ and an identical real

(Lpme)(x) =0 ifxe D’ (excludingaD’)_ (16) power as the total source’s real power. The NR sodreg(r) is related to its
confined NR fieldExr(r) via Jyr(r) = (LExgr)(r) whereL = (V x
V x —k?)/(iwp). The ME sourcd v (r) is a free-field truncated within the

ME sources are therefore free-fields truncated within trgurce region and its field obeys in the source region an iterated homogeneous
vector wave equatiofL?Eyr )(r) = 0. The reactive portion of the ME power

Sfource’s support. By _referring to Table I, one finds the i 'in general, not trivial. It is due to energy storage associated with both
time-harmonic EM version of this previously unknown generdtk internal field (corresponding to the source region) and its external field.

result to be (see Fig. 1)

regularity constraints (in addition to the usual localization con-
V xV x JME(I‘) — /%‘QJME(I‘) =0 straints) [29] ) .
if r € D’ (excludingdD’). (17) 3) A Reciprocity Relapon for NR Sourceslext, we show
how the result (15) and, in general, the more general result (13)
and (14) for scalar or EM sources can be regarded physically
The validity of (17) and of the scalar versions of (16) for= as a manifestation of the well-known reciprocity property. In
V? —¢728%/9t* andL = V? + k? has been corroborated, forparticular, NR sources are shown to be also nonreceptors from
special cases, in [14] and [18]. the points of view of both reaction and interaction.

The result (16) has two interesting previously unknown con- The propagator describes the effect of a source located in
sequences. In particular, it follows from (1) and (16) that thg certain source regio®’ on test sources (receptors, e.g., re-
fields+\e produced by ME sources must ob@?+me)(X) =  ceiving antennas) located in a certain field regidnin partic-

0, whereL> = LI, in the interior of the source’s support.ular, the coupling between a scalar or vector sourcepsay,
For example, for time-harmonic EM problems, this means (Seénfined withinD)’ and a test source, € Y located inD, is
Fig. 1) described by

252
(VX VX &  Bnnir) = 0 Ry = 6| Po)y = [ @ p(PR)G)
if r € D’ (excludingdD’). (18) D

= [ d"w(Pp}) (x)p(x). (19)
We will use (18) in Section Il in connection with source-field b
decompositions. The following result applies to second-ord
PD operatordsl: It can be shown by using (16) and standar
Green function techniques that any nontrivial sourcep € X
of compact suppor®’ having compactly supported first partial
derivatives withinD)’ (so thatp vanishes along with its first par-

%e quantityR .., defined by (19) corresponds to what is
nown in EMs as “the reaction gf on p;.” This quantity ap-

pears in the usual Lorentz reciprocity theorem (see, e.g., [30, p.

326]). Another quantity of interest, the interaction power of the

. T P ; ~ two-source systenfp, p;), is defined by an orthogonality inte-
tial derivatives on the bounda&f)’ of its supportD’) must pos gral of the form (see [30, pp. 20-22; 28-31] and [31, p. 440] for

sess a NR part in the Hilbert spa&e= L.(D’). In particular, X

no nontrivial solution of (16) exists that(obgys the above—ir‘r%he EM case details)

posed continuity and differentiability properties &’ [the

only solution of (16) that obeys both homogeneous boundary Poepe = ot | Pp)y = / d"z pr(x)(Pp)(x)

conditions simultaneously isve(x) = 0]. Now, since the re- D

quirement (16) withop g =y must_hold for a ge_neral so/urce _ d"a:(PTpt)*(x)p(x). (20)

p € X to lack a NR part in the Hilbert spack = L.(D’), D

one concludes that ank,(D’) source obeying the above-im-

posed properties must possess nontrivial projectiprs, | o) x To characterize NR sources in the role of receptors, we let
into the subspace df, NR sources confined withid’, i.e., p; € X be ascalar or vector test source in the role of the radiator
any such source must possess a NR part. This result has beetonr € Y a NR source in the role of the receptor. By noting
used and illustrated further in a recent treatment of the ISP withat( L Pp;)(x) = 0if x € D (the boundary'D of D excluded)
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as can be verified using (4) and (5), one finds from (15), (19n L.(D’) sourceJ(r) can be expressed as (see, e.g., [30, pp.

and (20) that for any; € X 20-22; 28-31))
1 3 *
Rpsmpn = (0| Pridy =0 P==3 ), T Ew)
PPt"PNR = <pNR | Ppt>Y =0. (21) 1

72/, *r[I5r(r) - Enr(r) + J3p(r) - Ene(r)

This means that NR sources are also nonreceptors, i.e., they do + JNr(r) - Eve(r) + Jyp(r) - Exr(r)]

not interact energetically, with external sources and fields pro-  _ p . p 1 / PrIig(r) - Byg(r)

duced by external sources induce no reaction on them. The con- D

cept of reciprocity draws the physical picture for this previously + J5p(r) - Exgr(r)] (22)
unknown result. In particular, if a source does not radiate, then

it does not receive either. where (Exg, Pnr) and (Eyg, Pue) are the individual field

and power contributions due, respectively, to the NR and ME
componentdyg andJyg of the total sourcd. Note that the
[1l. AN APPLICATION TO SOURCEANALYSIS ME powerPyg contains, in general, both real and reactive com-
ponents. Moreover, since the total and ME fields are identical
Since ME sources are truncated free fields, the questigQside the source region, one deducesftg®yr} = R{P},

arises, “Can one build a ME source?” Yes. For instance, o)g,, the real component 6y, equals the total real power ex-
can build a wave-like source such as a traveling-wave antenfigg the source volume, also equal to the total real input power.
Interestingly, sources of the form of a transient plane wave hayge NR powerPxr, contributes nothing to the exiting power
received attention recently in connection with well-collimategnq is purely reactivéR{Pxr} = 0). The sum of the last two
ultrawideband radiation [32], [33]. The next question is theryoss-term integrals in (22) equals zero. To show this, we ex-
Do ME sources outperform, perhaps by their lack of a NBressyyr (r) asdnr(r) = (LExr)(r), whereL = (V x V x
part, non-ME sources in a physically meaningful way? OL}2) /(i) and substitute this expression into the last two in-

on the contrary, can one add NR components to a Soufggrals in (22). One deduces by manipulations similar to those
S0 as to enhance its radiation performance? These questiQgsd in Section 1I-B that

apply to both radiation (transmission) and reception and, to
our knowledge, have never been addressed satisfactorily. To

. 3 T T* B * .
address these questions, one must characterize the NR and /., ¢ IR () - Enp(r) + Jyp(r) - Exg(v)]

radiating (ME) components of a source energetically. This P N .

section characterizes, for EM sources, the radiating and reactive ~ — /D dr[Exg(r) - Inp(r) + Jyp(r) - Exg(r)]

energy properties of the NR and ME source components. This

is accomplished by investigating the unique decomposition of = 29%{ d*r Exg(r) 'JME(I‘)} =0. (23)
D/

a source and its field into their NR and ME components and
the associated power budget. The general results are iIIustra%?]
for the special case of a time-harmonic, homogeneous soufc
in a 1-D space, which is applicable to transmission lines. Tlg
1-D example also illustrates many of the general results
Section Il. In the following, attention is restricted @ sources
in simply connected source regions.

% sum of these cross terms is, thus, purely real; furthermore,
fust be zero in order to comply with energy conservation
can be deduced from (22) sin®dPyr} = R{P} and
RrPyr} = 0. We have thus found th@ = Pyr + Pug, i.€.,
the total source’s input power equals the sum of the individual
NR and ME powers. Fig. 1 summarizes this new form of power
decomposition. To fully appreciate this result, one must bear in
A. General Power Budget Analysis mind that fields can be superposed at will, whereas, in general,
Consider anL»(D') current distributionJ(r) in free space powers cannot. This is why we had to handle the cross-term con-

with a suppressed““* time dependence spatially supportedfiPutions above carefully.
within a simply connected source voluni&. It is a well es-
tablished fact that anfl, (D’) source, say a current distribution

J(r), contained in a simply connected source regincan be  The space-dependent part of the electric figla) = F(x)z
uniquely decomposed, in the Hilbert spake= L,(D’), into Produced by a 1-D current distributiai(r) = J(x)z with a
the sum of a NR and a radiating (ME) component (see, e.g§uppressed—"* time dependence, where

[13] and the projection theorem discussion in [34, p. 82]; see

also Section 1lI-B of this paper). Analogously, the associated (d*/dz? + k*)E(z) = —iwpJ (z) (24)
total field can be decomposed into a NR and a ME part due to

the source’s NR and ME parts, respectively. These source-figdtiven by (see, e.g., [21, p. 912])

decompositions are schematically illustrated in Fig. 1, which
also shows some of the results derived in Section I1I-B. We find
that the total (real plus reactive) input powrassociated with

B. Example in 1-D Space: A Homogeneous Source

E(x) = —g /da:’J(a:’)eiklm_m,l (25)
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wheren = wu/k. For a sourcel/(x) of spatial suppor?)’ = To determine the ME sourcéyr(x) consistent with a given
[—a,a] (a strip of width2a centered about the origin), (25)data vector, we use (30) and (31) in addition to (6) with the
yields substitutionsppr — Jyug andy — |F). One obtains, after
4 ipulations, th It
Pk ifesa some manipulations, the resu
E(z) = —e kT if < —q (26)
| A (- F sine(zha)le
Jy = — sinc(2ka)]e*™
where () nafsinc?(2ka) — 1]
_— o + [F~ — F¥ sinc(2ka)]e™**} (32)
Ft= —5/ da' J(z')e~
o N wheresinc(-) = sin(-)/(-), which is identified to be a free-field
= —g / dx’ J(z")e*e (27) plane wave expansion truncated within the source’s support.

—a 2) Special Case: A Homogeneous Sourddte following
5\nalysis, based on (32), aims to isolate the wave properties
and energetic roles of the radiating and NR components of the
unit-amplitude homogeneous sourgér) = M,(z) and its
field. One finds from (27) that for this source

For|z| > «, the electric field is then determined by the forwar
and backward plane wave amplitudés and/ —, respectively.
1) A1-D Inverse Source Problemie consider next the ISP
of deducing an unknown sourcé ), of known support)’ =
[—a, a], from knowledge of"* andF"~. To compute the associ-

ated ME solution/y;p(z), we define the Hilbert spack of L, Fr= —% sin ka. (33)
sources/(x) localized withinD’ to which we assign the inner
product The radiating componenfyig(z) of J(z) = M,(z), corre-
a sponding to the Hilbert spack of L. sources of suppo’ =
(J1Ix = / de J*(x)J' (). (28) [—a,a] is given from (32) and (33) by
Similarly, we define the data vectofB') = [F'* F~] obeying Jur(z) = vM, () cos kx (34)

the square-summability requiremést™|* + |F'~|? < oco. We
also define the discrete Hilbert spareof all such data vectors
and assign to it the inner product

where
2sinc(ka)
V=
(F|F)y = (FYy FY 4 (F)F (29) [sinc(2ka) + 1]
The corresponding NR part is then

The forward linear mapping® : X — Y (the propagator) is

found from (27) to be defined by Ten(a) = Ma()(1 — v cos k) (35)
NR = s - .

Ff=(PN)* = —g / dz' J(2')e Tk

—a

(30) The termy, hence, the radiating paftz(z) of J(z) = M, (z)
defined by (34) vanishes fa = nm,n = 1,2,..., i.e., a ho-
The class of invisible sourcgsy € N(P) = {p € X |Pp = mogeneous sourcé(x) = M;(x) oscillating at those quan-
0} is seen to coincide with the class bf NR sources of sup- tized frequencies is purely NR. Therefore, the extension of the
port D' since the vanishing ofF’) automatically implies, in smallest NR homogeneous source2is = X for which the
view of (26), the vanishing oE(z) for |z| > a. It then fol- source’s size coincides with the wavelengtlof the field. On
lows from the projection theorem (see, e.g., [34, p. 82]) arible contrary, no frequencies > 0 exist at which the homo-
well-known results derived in [13] that any sourde € X geneous sourcé(z) = M,(x) lacks a NR part. This is not
can be uniquely decomposed into the sum of a radiating asarprising since the homogeneous souf¢e) = M (x) does
a NR partJyg(z) and Jyr(x), respectively, where/yig(z) not obey the ME source necessary condition (16) with=
and.Jyr () are the orthogonal projections #{x) into N(P)+  (d?/dz? + k?) /(—iwp).
andN(P), respectively. We shall make use of this result next to We have thus established the unique decomposition in the
carry out the unique decomposition of the homogeneous souktitbert spaceX of the homogeneous sourdéz) = M, (z)

J(z) = M,(x) into its radiating and NR parts. into its radiating and NR partsiyg(z) and Jyr(z), respec-
The backpropagatd?®, where(J | PTF)x = (PJ | F)y,is tively. We consider next the corresponding field decomposition.
found from (28)—(30) to be defined by In carrying out the field decomposition, we shall also illustrate

the use of the ME field necessary condition (18). Equation (25)
(PT|F))(x) = ﬂMS (z)(FTethe 4 e ike) (31) Vields the following expression for the total fiek{ =) produced
2 by the homogeneous sourgér) = M, () within the source’s

where support:

1, if|lz|<a in .
M,(x) = {07 e||se|. E(z) = %(ezka coskz —1), ifz|<a.  (36)
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Fig. 2. The radiating (thick solid line) and NR (solid line) parts of the

homogeneous sourcE(x) = M,(x) versusz/a, for (@) ka = =/6. (b) Fig. 3. The field magnitude fdr| < « produced by the homogeneous source
ka = n/2. () ka = = (NR case). (dka = 1.57. () ka = 2.5x. (f) J(@) = M(x) versusz/a (solid line). Also shown are the magnitudes of the
ka = 5.57. radiating (dashed line) and NR (dashed-dotted line) parts of the total field for

|r| < a.(@)ka =7/6.(b)ka = x/2.(c)ka = = (NR case). (dfa = 1.57.
() ka = 2.57. (f) ka = 5.57.
The field Eyp () produced by the radiating paftr(x) of the
homogeneous sourdéx) = M,(x) is defined by (25), with the Ewp(a) = Ewp(—a) = —(nsinka)e™/k. One ob-
substitution/(z) — Jygr(x) and (34). We obtain, fofr| < a  t5ins for|z| < a
e 2ika : iy )
Eyg(z) = E[(mka + e — 1) coskx — 2kx sin kz]. Bam(z) = AL {ia[e™ sinc(ka) + 1] cos kx — a sin kx ).

@37 ’ (39)

The “?S”_'t (37) can be derived, alternativelg, from (218) \Q’ith thl?quation (39) can be shown, after some algebra, to reduce to our
S‘gbs_t'tuuon@“m — Enp and(V x V x —£%) — (d°/dz” + previous result (37), as expected. The fiekds:) and Eyp ()
ko). ie., for |z| > a are given by (26) with't = F'~ = —(nsinka)/k.
2 /de? + E2Y2En —0 if The NR field Exr(z) = E(z) — Enve(z) produced by the
(&/da” + ) Exie(@) e <a NR part Jyg(x) of the homogeneous sourdéz) = M,(x)

so that vanishes follz| > a. On the other hand, fdr:| < «, the NR
field Exg(x) is explicitly defined by (36) and (39).
Eyg(x) = Acos(kz) + Bsin(kz) Fig. 2 shows plots of the spatial profile of the radiating

+ Cxsin(kz) + Dz cos(kz) if || <a. (38) and NR parts of/(z) = M,(z) for |z| < a versusz/a,
parameterized by;a. The radiating part/yip(z) of J(x) is

To solve for the unknown coefficientd, B, C, D, we note a standing wave truncated within the source’s suppdrtas
that the ME sourceJyr(z) defined by (34) is bounded expected. Fig. 2(a) illustrates the low-frequency nature of the
and piecewise continuous. This immediately ford@sr(z) source decomposition in which the homogeneous source is
to be everywhere continuous (see Appendix A of [25]mostly radiating (as can be shown from (34) and L'Hopital's
Therefore, the radiating fieldEyr(x) must be defined rule). Fig. 2(b) corresponds to the: = =« /2 case. The ra-
by (24), (34) and (38) with the boundary conditiongliating part of the homogeneous source now vanishes on the
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Consider a modified sourcéy, (z) of the form
J]w(x) = XJNR(-T) + JME(.I) (40)

whereJyr(z) andJyg(z) are the NR and ME sources defined
in the previous developments agda parameter that needs to
be chosen so as to minimize the source’s overall reactive power.
Note that independently of the value assigneg,tthe modified
source/; (x) in (40) is “equivalent” to the homogeneous source
J(x) = M;(z) from which it was derived in the sense that both
produce the same external fields. Fig. 5 shows the valyeforf
which the imaginary paf{Pnr} = —S{Pur}, i.e., asource
: , of the form (40) whose value of is chosen according to Fig. 5
-0.2f 1 possesses no reactive input power. This shows that NR sources
PR can be useful from an antenna design point of view. In the ex-
“04r- ] ample considered, the addition of a NR component tailored to
- X the given homogeneous source was found to fully suppress the
2 3 4 original source’s reactive power. The same result also shows that
ka / e ME sources are not necessarily optimal from a perfomance point
of view. It seems that, instead, sources of optimal performance

Fig. 4. Dashed line: Real power radiated by the homogeneous souk¥l contain, in general, both NR and ME contributions.

J(x) = M,(«) versuska /= (the value ata ~ 0 is used as a reference for
normalization). This is also the real input power of this source. Solid line:
total reactive power due td(xz). Dashed-dotted line: reactive power due to
Jur (). Dotted line: reactive power due thr ().

POWER

IV. CONCLUSION

This paper characterized in novel ways NR and ME sources
and their fields in the context of a general ISP formulation, with

boundariesr = a andz = —a and, therefore, has compaciapplications to source analysis and reconstruction. The general
support in[—a,a]. This behavior holds, in general, only ifresults developed in the paper apply to any source-field system
ka = (n+1/2)m,n = 0,1,..., as can be verified from (34). described in a spatial or spatial-temporal coordinate space by

Fig. 2(c) corresponds to the smallest NR homogeneous souad@ear scalar or vector PDE, such as the usual scalar and EM
whereinka = . Fig. 2(d)—(f) corresponds tha = 1.57,2.57 systems in a linear medium. Central to the general theory was
and 5.57, respectively. A gradual increase of the NR compdhe reciprocity principle, which we used in different ways. This
nent of the homogeneous source is observetlaascreases. principle has played a significant role in illuminating a variety
This was to be expected sincgr(z) in (34) tends to zero of problems in EMs and acoustics [35]. Our use of this prin-
aska — oo. Fig. 3 shows plots of the spatial profile of theciple in Sections II-A and 1I-B can be regarded as yet a new
magnitude of the radiating and NR fields associated with tlagplication of this powerful tool. In Section 1I-B, we derived
radiating and NR source components in Fig. 2. Also shown aeveral previously unknown orthogonality relations among NR
the total fields (magnitude only). As expected, the latter are semmd ME sources and homogeneous field solutions of the as-
to coincide with the radiating field&yr(x) on the boundaries sociated scalar or vector source-field system. The reciprocity
z = a andz = —a. Fig. 4 shows plots of the real and reactiverinciple was pivotal then in establishing the physical nature of
power of the.J-E self interaction as a function éfa /7. Also those results. In particular, it was concluded that NR sources
shown are plots of the radiating and NR contributions to trere also nonreceptors, and vice versa (NR sources do not absorb
reactive power. The real power of theF self interaction power from nor react to incident fields). The orthogonality of
equals the time-averaged radiated power and is contribugedR source relative to all homogeneous field solutions in its
only by the radiating partur(z) of J(z), as expected. On support is then a manifestation of a NR source’s null receptive
the other hand, the reactive energy is contributed by batlature. A NR source’s nonreceptive behavior and its orthogo-
the radiating and NR parts. The reactive contribution of theality to homogeneous field solutions are then, respectively, a
radiating part decays rapidly fém = . This is not surprising physical and a mathematical statement of the same property. We
in light of the observations above sindgs(x) itself decays also conclude that if a source is NR relative to a given Green
rapidly for ka = . Interestingly, the radiating and NR reactivdunction, then it must also be NR relative to its associated ad-
power plots in Fig. 4 suggest the possibility of modifying goint and, in general, any Green function of the governing scalar
given source by adding a NR source to it, so as to reduce threvector PDE. It was also shown that ME sources take the
source’s overall reactive power. NR source additions have foorm of free-fields truncated within the source’s support, i.e.,
effect whatsoever neither on the original source’s exterior fiete ultimate sources of wave radiation are themselves waves.
nor on its exiting power but can reduce, through their reactiviehroughout the paper, an effort was made to show how some of
power contributions, the overall reactive input power (as sedghg new general results reduce to known results derived before
e.g., at an antenna’s terminals). Ideally, one would want theder special conditions.

added NR source to fully suppress the ME source’s reactiveMany of the general ISP concepts developed in the paper
power contribution. These ideas are illustrated below. were illustrated with a time-harmonic EM example. We also
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:‘/J%Em@»%@>

—/ dSn - [Exr(r) x Hi(r)
aD//
+ Ej(r) x Hyg(r)] (A3)
where
Er andHp electric and magnetic fields produced by

Jr, respectively;
Exr andHyg  fields produced by ng;

D bounded spatial region enclosing bd,
andD’;
oD” surface that bound®”’;
ds denotes a surface differential element over
aD//;
n unit vector in the direction of the outward-
oz . . _ normal todD’.
’ 1 2 3 4 One arrives at the same result by using the vector analog of
ka/ﬂ Green'’s second identity (see [36, p. 250]) and the representation

Ine(r) = (V x V x —k?)Exr(r)/(iwp). By noting that the
regionsD’% andD’ are disjoint andEnr(r) = 0if r ¢ D', one
Fig. 5. Values ofy for which the imaginary pais{Pxr} = —S{Pue}. finds from (A.3) that

developed a new source analysis tool based on the decompo- / d*r E(r) - Inr(r) = 0. (A-4)
sition of a source and its field into their radiating and NR parts. /

?(’he associat?d pfo;/r\:er bl(degt_et anag/sis ret_vealed previously e necessary portion of the proof is completed by noting that
nown aspects of the radiating and reactive energy propertigs ey Er in (A.4) represents the most general solution of

?r: ats?Lljr_ce stradlatlng and_ I\:Rdco_rtnhpongnts. It was foung tl‘g[.Z) inside D, i.e., the most general solution of (A.2) can be
€ total Input power associated with a given source can be de: ;64 via sources externaltbsuch as the current distri-

composed into the sum c.)f the individual power con'Fributio tionsJ g used in proving this result. To show sufficiency, we
due to the source's radiating and NR parts. This preymusly Ubte that any dyadic Green function of (A.2), say the outgoing
known result isolates the energy roles of the radiating and adic Green functioGo(r, '), must obeyw x Vx G*(r/, r)—
source components. It thereby opens the possibility of using G*(r',r) = 0 if ; D andr c I so that from7(A 1)
sources as a tool for antenna optimization. The latter possibilﬁj N Br C(r J e / o

. . = [, d°r ,r) - =0if D’, which
was illustrated for a 1-D source by means of a simple sour. SNR(r) Jp &1 G(x',x) - Ini(r) v g
construction procedure. We plan to investigate this possibility
further in the future in connection with antenna dipoles and ar-
rays.

mpletes the proof.
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