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THE ASYMPTOTIC POINCARE LEMMA
AND ITS APPLICATIONS*

RICHARD W. ZIOLKOWSKI' AND GEORGES A. DESCHAMPS*

Abstract. An asymptotic version of Poincaré’s lemma is defined and solutions are obtained with the
calculus of exterior differential forms. They are used to construct the asymptotic approximations of multidi-
mensional oscillatory integrals whose forms are commonly encountered, for example, in electromagnetic
problems. In particular, the boundary and stationary point evaluations of these integrals are considered. The
former is applied to the Kirchhoff representation of a scalar field diffracted through an aperture and simply
recovers the Maggi—Rubinowicz—Miyamoto-Wolf results. Asymptotic approximations in the presence of
other (standard) critical points are also discussed. Techniques developed for the asymptotic Poincaré lemma
are used to generate a general representation of the Leray form. All of the (differential form) expressions
presented are generalizations of known (vector calculus) results.

1. Introduction. Multidimensional integrals are encountered in many areas of
physics and engineering. A combination of Poincaré’s lemma and Stokes’ theorem
provides a means of reducing a multidimensional integral to a lower dimensional form,
hence, constitutes an appealing approach to its evaluation. However, the expressions
that represent solutions of Poincaré’s lemma are cumbersome and often difficult to
evaluate explicitly. Furthermore, in many practical problems (for instance,in electro-
magnetics at high frequencies) a large parameter is present and an asymptotic ap-
proximation of these integrals is quite adequate. An asymptotic version of Poincaré’s
lemma whose solutions are readily computed would render the Poincaré—Stokes ap-
proach very tractable in these cases.

In §2 the asymptotic Poincaré lemma (APL) is formulated, and its solutions are
derived with the calculus of exterior differential forms [1]-[3]. (All differential form
notation concurs with that defined in [1].) These results are utilized in §§3, 4 to
construct, respectively, the boundary and stationary point approximations of a multidi-
mensional oscillatory integral. The resultant differential form representations encom-
pass the standard vector expressions given, for instance, in [4] and [5]. The boundary
point technique is applied in §3 to the Kirchhoff representation of the diffraction of a
scalar field by an aperture in a perfectly conducting screen. The Maggi—Rubinowicz—
Miyamoto-Wolf expressions [6]-[8] and their properties are recovered. Several other
critical point contributions are also considered in §4. The Leray form [9] is constructed
in an appendix with the APL method of solution. This form is utilized in the asymp-
totic approach given in [10]. The results of this paper are summarized in §5.

2. Asymptotic Poincaré lemma. Consider on the domain X, a set diffeomorphic to
some open set in R”, a p-form of the type

(2.1) e’'B,

where over X the phase function I' is smooth and real-valued and the amplitude p-form
B is smooth and complex-valued. The constant » equals ik, where k is a large real
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parameter. For electromagnetic (quantum mechanical) problems k is 27 divided by the
wavelength A: k=27 /A (k=27 /h,where h is Planck’s constant). A (p — 1)-form, e,
of the same type as (2.1) is desired such that

(2.2) d(e’Ta)=e"TB.

From Poincaré’s lemma [1]-[3] it is known that a solution, e”'a, of (2.2) can exist only
if the p-form e”'B is closed, i.e., only if

(2.3) d(e’™B)=e’T(vk+d)B=0,
where

(2.9) k=dT.
(Obviously,

(2.5) dx=0,

hence, k is closed.) Condition (2.3) is satisfied if

(2.6) (k+D)B=0,
where

(2.7) D=v"d.

On the other hand, because

(2.8) D(e’"a)=e"(k+D)a,
(2.2) is equivalently represented as

(2.9) v(k+D)a=p.

An asymptotic solution, a, of (2.9), when condition (2.6) is satisfied asymptotically, is
constructed as follows. The result will be an asymptotic solution of Poincaré’s lemma.

Consider a differential p-form of the type (2.1) when 8 has an asymptotic expan-
sion

(2.10) e’ B=e"T(By+v '8, +¥ B+ ---),
where the B; are p-forms. It is asymptotically closed to range m if the expression
(2.11) (k+D)B=(xk+D)(By+v By +» B+ ---)

has its first (m+ 1) terms (ordered in decreasing powers of ») equal to zero; i.e., if the
(m+1) equations

(2.12) KBy =0,
kB, +dB,=0,
kB, +dB,_,=0

are satisfied. When these conditions hold, it is possible to find a ( p —1)-form with an
asymptotic expansion of a similar type

(2.13) e"ra=v_'e”r(a0+v_'¢xl+V_2a2+ ),
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such that the first (m+1) terms of d(e’"a) reproduce the first (m+ 1) terms of e*'B.
This means an « can be found so that

(2.14) xao‘—‘ﬁo,
ka, +day=B,,

ke, tda, =8,

The resulting ( p— 1)-form a, limited to terms of degree not greater than (m+1) in » ™!

m
(2.15) a=v~" Y va,
j=0

is an m-th range asymptotic solution of Poincaré’s lemma.

The relations (2.12) and (2.14), which specify an mth range asymptotic solution of
Poincaré’s lemma, are represented by the flow diagram given in Fig. 1. Each location is
the sum of the contributions indicated by the arrows leading to it. The operator &
represents the exterior product by x from the left:

(2.16) R: a>ka.

The fact that the equations at the (p+1)-form level are satisfied results from the
identity

(2.17) doi+iod=0,

a consequence of k being closed and the Leibnitz derivative rule [1, (H.16)].

(p-1)-form

p-form

(p+1)-form

FI1G. 1. Relations that specify an asymptotic solution of Poincaré’s lemma.

Note that the expression (2.11) is automatically zero to any range if 8 is an n-form.
Also, if the expression (2.10) consists of only the first term e”'B,; i.e., if =, and all
other B,=0, from (2.12) the terms of the expansion (2.13) of « are defined by the set of
equations

(2.18) kay=B, ka;=—da;_,, forlsj=m.

A solution of the system (2.14) when the conditions (2.12) are satisfied is based on
the solution of an equation of the type

(2.19) ka=p,
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where the one-form « and the p-form B are given and the ( p — 1)-form « is to be found.
Its solution may be considered as a division of B by k. Here a represents a, a;," - -, a,,
and correspondingly, B8 represents B,, 8,—dag,: - -,B,—da,_,. Multiplying (2.19)
from the left by k, one sees that a necessary condition for a solution to exist is that

(2.20) kB=0.

Note that (2.19) and (2.20) are, respectively, the asymptotic (k large) approximations of
(2.9) and (2.6). If k#0, let the one-form K be

(2.21) K=(K*x)_'xE(x-K)*ln=|K|_2x.
The definitions of the star operator * and the scalar product operation - are taken to

be those given, respectively, in [1, Appendices E, F]. With (2.16) the operator “exterior
product from the left by K ” is simply

(2.22a) K=(x-x)"'.

It is an operator of degree + 1. Its adjoint, K*, is the operator of degree —1 that equals
(222b)  K*=—x""Ka(=1)P=(x-k)"[—* T kx (—=1)"]=(k-x) k¥,

when acting on a p-form. Applied to 8 it gives the ( p— 1)-form

(2.23) K*8=(x-k) " 'k*B=¢,

which is a solution of (2.19).
Proof. The operator k* satisfies the derivative property:

(2.24) K*(kB) = (k*x)B—k(x*B),
hence, the equivalent relation:
(2.25) K*og+Ro K*=id,

where id represents the identity operator. Consequently, (2.20) and (2.24) yield

(2.26) k(k*B) = (k*c)B=(x-K)B,
hence,
(2.27) k&=(k-x)" 'k(k*B)=(k-x)""(k-x)B=8B. a

The operator K* is a (right) inverse of &, the operator product by «; the solution §
is an element of the kernel of k*: k*£=0; i.e., k**=0. An interesting application of
this inversion algorithm, the construction of the Leray form [9, §3.1], is given in
Appendix A. The condition k50 is satisfied except at those points in X at which the
phase function I is stationary. Note, however, that this is only a sufficient condition.
The p-form B may approach zero in regions where the operator K* is singular (i.e.,
where dI'=x=0) in such a manner that £ given by (2.23) remains finite. This behavior
is encountered in the stationary phase evaluation of an integral and will be discussed
further in §4.
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Consequently, solutions of (2.14) are
(2.28) a,=K*By,
a;=K*(B,—day),

amzK*(Bm_dam—l)'

These relations are expressed more compactly as

J ,
(2.28) o= {—K*d}Y 7(K*B,).
p=0

To justify that a;,- - -,a,, are solutions, one must verify that conditions such as (2.20)
apply to each of their equations; i.e., for a;, that k(8;,—da;_,) is null.

Proof. From (2.17) and (2.12) one has, respectively, kda; = —d(xd;_,) and
«B;= —dp,_,. Thus, with (2.14)
(2.29) k(B —da;_,)=d(ka;,_,—B_,)= —d(da,_,) =0.

When B= g, (all ;=0 for j>0) and kB=0, the solutions (2.28) and (2.28') reduce to
the expressions:

(2.30) ay=K*B,

;= —K*da;, | forl<j=m,
and
(2.30") a;={—K*d} (K*B) for0=j=m.

These results can be summarized with a statement of the

ASYMPTOTIC POINCARE LEMMA (APL): If a given p-form e"'B is asymptotically
closed to range m over a domain X, a set diffeomorphic to some open set in R, where
dI'#0, it is asymptotically exact to range m over that domain; i.e., there exists a
(p—1)-form e’ a defined over X such that d(e”"a)=e" B+ O(»~("*D).

The first (m+1) terms of «a are readily constructed from those of 8 with (2.28").
The construction is not valid in general at points where d I' =0. This restriction may be
lifted for some particular 8 at some points where dy=0 as shown in §4.

The solution (2.23) of (2.19) is not unique. The general solution of (2.19) is actually

(2.31) a=¢+ky,

where vy is an arbitrary ( p —2)-form, since £ ¢ ¢ =0. The expression (2.31) represents a
gauge transformation of the solution (2.23). The freedom to include a gauge term, kv,
in that solution occurs because (2.19) determines only the components of « ““transverse”
to k. In particular, the operator £ o K* is a projection operator that selects from the
form B its component, k(K*B), along k; i.e., its “longitudinal” component. Hence,
because the identity (2.25) means

(2.32) k(K*B)+K*(xB)=p,

the projection operator {1—& o K*} selects components transverse to k. Therefore,
from (2.19) one immediately obtains

(2.33) K*B={1—ko K*}a=¢;
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i.e., the ( p—1)-form £ is the component of « transverse to . This is also reflected in the
fact that £ is an element of the kernel of K*. Similarly, the solution, e*Ta, of (2.2) is also
not unique. If one replaces a by ’:

(2.39) a—~a’'=a+(k+D)y

where y is any ( p — 2)-form, the equation
D(e'Ta)=e"T(k+D)a

is still satisfied since

(2.35) (f+D) o (k+D)=(k+D)*=0.

The one-term asymptotic result (2.31) is clearly recovered in the limit x— co. The
transformation a — o’ of the general mth range APL solution given by

(2.36) ag— ay=a,+kY,,
aj—>aj’:aj+(rcyj+dyj_l) for 1<j=m

may be considered as an asymptotic gauge transformation of that solution.
Proof. The equations the gauge transformed solutions satisfy:

(2.37) ko=B—daj_,,

reduce to (2.14) through the following sequence of relations:
ka;=k(o;+xy,+dy,_ ) =B—d(ay Ty, +dy, ) =B~ daj_,,
ke, +rdy,_ =B,—da;_, —d(ky,_,),
Kk, =B;—da; . O

The gauge transformation (2.36) can be obtained from (2.34) with the ( p —2)-form
m
(2.38) y=v' 3 vy,
Jj=0

and with a truncation of the resultant expression for ' to degree (m+1) in »~'. Thus,
the asymptotic gauge transformation (2.36) is exact if v,, is closed (dy,,=0).

Now consider the case where the p-form (2.1) is given exactly by the (m+ 1)-term
expression:

(2.39) e”rﬁ:e”r(ﬂo+y—|ﬁ] + ... +V_m:8m)-

It is of interest to determine when the APL solution is actually an exact solution. Recall
that an exact solution can exist only if the p-form (2.39) is closed. The equivalent
condition (2.6) is satisfied if, in addition to B being asymptotically closed, 8,, is closed:

(2.40) dg,=0.

Thus, if (2.12) and (2.40) are satisfied, there exists (locally) a (p—1)-form whose
differential is e’TB. This form is not necessarily given by the APL algorithm which
searches for a particular expression e”a, a given by (2.15) and (2.28"). However, if it is,
the relation (2.9) requires

(2.41) da, =0

m
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in addition to the satisfaction of (2.14). Since the differential of the relation 8,,=«ka,, +
da,, | gives

(2.42) dp,= —«da,,,
(2.40) is satisfied if (2.41) is. Conversely, (2.40) and (2.42) only imply that
(2.43) kda,=0.

Hence, the fact that (2.39) is exactly closed does not imply that the APL solution is
exact. With (2.28") the condition (2.41) can also be represented as

(@44) da,=d| T (~K*a)" P (K*B,)|= 3 (~1)"P(do k)" g,=o0.
p=0 p=0

Let the operator
(2.45) t=—do K*.

Therefore, if

(2.46) tmPIg =0

0

MYE

the APL solution is exact.
The conditions for exactness when m=0, 1 will be employed in the next section.
From (2.46) they are, respectively,

(2.47) 18,=0,
(2.48) 1(iBy+8,)=0.

The m=1 condition (2.48) is satisfied if 8, = — fﬂoz day,. In fact, since

(2.49) tmr g =((B,—da,, ),

0

ML

the condition for exactness (2.46) is satisfied in the general case if 8,=da,,_,. In the
m=0 case (2.12) and (2.40) are satisfied if the p-form 8= B, is longitudinal and closed:

(2.50) kB=0,  dBy=0,

conditions which are automatically satisfied if 8, is an n-form. Subsequently, if ¥ is the
vector-field associated to the one-form K[1, App. E], (2.47) can also be written as

(2.51) £,8,=0
where the Lie derivative [1, App. L]
(2.52) L,=doK*+K*od.

Thus, if B, is invariant along the flow defined by ¥V {1, App. L] in the m=0 case, the
APL algorithm is exact.

Figure 2 summarizes (2.12), (2.14) and (2.36), i.e., the expressions defining the
general APL solution. It extends Fig. 1 by including the terms that can be added to the
a’s as expressed by (2.36). Parallel arrows designate the same operation k or d; each
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PARALLEL ARROWS
ALL MEAN THE
SAME OPERATION

Rord

F1G. 3. The general asymptotic solution of Poincaré’s lemma.

diamond pattern represents the identity (2.17). The dotted arrows on the right express
the asymptotic satisfaction of those relations. Since they represent the expression
dvy,,=0 and (2.41) and (2.40), they also are the conditions which describe when the
APL algorithm is exact. Similarly, the diagram given in Fig. 3 summarizes (2.12), (2.28)
and (2.36), i.e., the general APL solution. The lines ending in solid dots represent the
gauge terms of (2.36). Half-moon elements are added before the operator leading from
the circle surrounding them is applied. When 8=, this diagram simplifies to the one
shown in Fig. 4 which summarizes (2.30) and (2.36) and the condition k8 =0. Note that
with the representation of the operator —K* od by the dotted lines, the diagram
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F1G. 4. The asymptotic solution of Poincaré’s lemma when B= .

suggests a geometrical progression. In particular, when m = oo, the ( p— 1)-form a can
be written as

w .
(2.53) a=r"' Dy I(—K*od) ay=r""[1-5]'aq,
j=0
where the operator

(2.54) §=y Y(—K*od)=—K*o D.

3. Boundary point evaluation of an integral.
3A. General formalism. The contributions to the (asymptotic) evaluation of the
integral

v
(3.1) LB
also denoted (see [1, p. 677])
(3.1) e’ B,

from the points on the boundary, =, of ) are desired. The domain D is an oriented
p-domain of finite extent in X; its boundary ==99. If (2.2) holds in D, (3.1) can be
evaluated immediately with Stokes’ formula [1, App. J] so that

(3.2) e’ BD=d(e’a)|D=e"TadD=e"Ta|.

The desired asymptotic results follow in a similar fashion from the APL.

It is assumed that T has no stationary points in %9); i.e., that k%0 in D so that K,
hence, « is not singular. The given p-form '8 can be replaced with an exact differen-
tial of a ( p— 1)-form e’Ta that is a range m APL solution plus a remainder:

_DM(m+l)evF(dam)'

(3.3) e"F,B:d[v—‘(e"r § V—faj)
j=0
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Consequently, with Stokes’ formula the integral relation corresponding to (3.3) is

(3.49) e TBD=r"13 v‘j(e"rajlz) —y~ (e Tdq, |D).
j=0

The original integral (3.1) over %) has been replaced by an (m+ 1)-term asymptotic
series defined over the boundary, =, of ) and a remainder term defined over ) that is
of degree (m+1) in »~'. Because this latter term is the same type as the original, it can
be evaluated in a similar manner. Hence, it is asymptotically small compared to every
other term in the sum. The desired (asymptotic) boundary point evaluation of the
integral (3.1) is, therefore,

(3.5) e’ B ~p! .20 V_j(e"rajIE)Ee"ra|E.
J:

If m=0, this reduces to
(3.6) e"IBD~v~ (e ).

Equation (3.5) is a generalization of the expressions given in [4, Chap. 8]. It is
applicable to the vector as well as the scalar case. Furthermore, if the domain ) is one-
dimensional, (3.5) reduces to the standard endpoint evaluation of an integral given, for
example, in [11] or [12]. The following examples demonstrate the utility of the APL-
boundary point analysis.

3B. Kirchhoff approximation. Let the space > be divided into two regions ¥, and
V, separated by an oriented surface M=4dV,, whose normal points toward V,. The
surface M is composed of a screen S and of an aperture ) (whose edge is Z=09) such
that M=% U S and is assumed to lie on side ¥, of the screen [1, Fig. 2]. Consider in the
absence of the screen two scalar field solutions u; (j=1,2) of the Helmholtz equation
whose sources p; are in v

(3.7 {A+k*}u;=p;.

As discussed in [1, §IV], if U, is the field due to p, in the presence of the screen and if
p, is a point source at s,, the field U, at s, can be represented in terms of the cross-flux
of U, and u, through M as

(3:8) Uy(s,) = (U, * duy—u, » dU, M.

The Kirchhoff approximation assumes that the field U, and its derivative along the
normal of M (represented by the term *dU, ) are zero over S and are equal, respectively,
to u, and its normal derivative over 9. The resultant representation of the field (3.8) is

(3.9) Uy(5,) =B aD=(u, * duy—uy * du, )|D.

The boundary point analysis will be applied to the integral 8,,/°D in several cases. The
results represent a reduction of the Kirchhoff approximation of the field (3.9) to a line
integral over the edge of the aperture.

1. Plane wave-plane wave case. Consider the plane waves u,(r) = exp[»( |r)], where
(xjr) is the duality product (see [1, App. D]) of «;, a constant unit propagation
one-form (i.e.,dk;=0 and k;-x;=k Jk;=«¥x;=1), and the position vector r. In Carte-
sian coordinates, for example, K ,:g dx+m jdy+§ ;dz and r=x9,+ y8y+zaz so that
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Kkjr=¢x+n;y+{z. Since

(3.10) du;=vku;,

the cross-flux two-form

(3.11) Bra=vuuy* (k;— k) =v(e”'B),

where

(3.12) T=(k,+Ky)r

and

(3.13) B=x*(k—xy).

One verifies that k=0 since k=dI' =k, +«,. The APL solution is
KKy

(3.14) a0=K*B=—m,

all other « = 0(j=1,2,---) because ay is a constant. Thus, if

T *K (K
(3.15) ap=e I‘ao——u,uz(-ﬁ,{i‘?—nz),

the cross-flux integral
(3.16) B =aylZ.

Moreover, dB=0 (B is a constant); therefore, from the preceding section one realizes
that (3.16) represents an exact result (hence, the equal sign). Note that (3.16) must be
modified when k=0; i.e., when k, = —«,, hence, when I',kk, and (1+«,-k,) are all
zero.

2. Spherical wave-spherical wave case. Consider the two fields u,(r)=G(r—s;)
(i=1,2) due to point sources at s, and s,. These fields represent spherical waves
originating at those points. The Green’s function

(3.17) G(r)=207)

4qr °

where r=|r|. If r,=|r—s| and k,=dr;, the cross-flux two-form

(3.18) B =uu, [(v—rl)nz—(u—;ll—)n,]=v(e"rﬁ),

2

where the phase

(3.19) F=r+n,
so that
(3.20) k=dT=x,+k,

and the two-forms

(3.21) :30:3182*("2_"1)
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and

K, K
(3.22) Bi= g8, (722—,—:)
so that 8= B,+»~'B,. The functions

1
(3.23) g(r) T

The corresponding APL solution a=»"" (a,+»"'a,) is obtained from the system

(3.24a) Koy = By,
(3.24b) ko, =B, —da,.
Since «8,=0, (3.24a) is satisfied by
* *
(3.25) a0=——§8 :? )Kf‘)’ = —glgz( T +K'c]:c-2n2 ) :
However, as shown in Appendix B, this means
(3.26) day=p,.
Therefore, (3.24b) together with the condition «k*a; =0 yields
(3.27) o, =0.

Furthermore, (3.26) is the condition required for the exactness of the APL solution.
Consequently, where k0, the differential of the one-form

(3.28) an:evr%:_uluz(LK.Z_),

is identical to the cross-flux two-form (3.18)
(3.29) da;,=By,.

The one-form a is a singular where k, = —«k,, hence, where 1+« -k, =0. This occurs
along the line segment s,s, connecting s, and s,. Thus, if the line 5,5, does not intersect
%), the field at s, is

(3.30) B D=a,2.
On the other hand, if it does intersect %) and because 9S = —Z, the field at s, is
(3.31) BIZIGD:BIZIM_BIZIS:uI(SZ)+a12|2’

where the first term follows from Green’s theorem. Hence, the field at s, is now
composed of the geometrical optics field (the first term) in addition to the diffracted
field (the second term). The expression of the latter shows that it may be considered as
originating on the edge 2 of the aperture, an interpretation that agrees with the
viewpoint of the geometrical theory of diffraction (GTD). Furthermore, notice that the
phase function I is stationary (i.e,k =0) along the line s,s,, where k,= —«,. In fact,
with the results of the following section it can be shown that the geometrical optics
term is recovered with the stationary phase approach. Finally, it must be re-emphasized
that (3.30) and (3.31) are exact representations of the Kirchhoff approximation of the
field resulting from the scattering of a spherical wave through an aperture.
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3. Plane wave-spherical wave case. Consider the plane wave u,(r)=-exp[»(k,|r)]
and the spherical wave u,(r)=G(r—s,). The results for this case follow immediately
from the preceding cases. If k, # —«,, the one-form

=Ty = — LKIKZ_
(3.32) ap,=e"a, uluz( 1+K,-x2)’
where
(3.33) I'=(kr)+r,
and
- _ *KkKy

(3.34) 0= 8| T ).
is an exact solution of the equation
where the cross-flux two-form

K
(3.36) Bia=uu, * [v(nz—xl —r—j]

When k, = —k,, the geometrical optics field u,(s,) must be added to the diffracted field
in (3.35). The case dealing with a general incident field u,(r) can be handled (exactly)
with these results by representing #, as a superposition of plane waves.

4. Asymptotic field-spherical wave case. Consider the field u,(r)=exp[r®(r)]A(r)
which asymptotically satisfies the Helmholtz equation and the spherical wave u,(r)=
G(r—s,). The cross-flux two-form truncated to an asymptotic order corresponding to
that of the incident field u, is

(3.37) Bia~vuyuy * (ky— k).
The subsequent asymptotic expression
(3.38) B~ aypZ,
where

m
(3.39) au:e"rjgo v a,

follows immediately from the APL-boundary point formalism. In particular, the phase
function

(3.40) =®+nr,
and if d® =k, #k,,

= K*R — — ———-——*Kl":2
(3.41) ap=K*B, Agz( 1+K1"€2)’

so that

(3.42) a;={—K*dYa, (1sj=m).
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The stationary point situation (where dI'=k,;+x,=0) is handled as shown in the
following section.

The preceding results recover those given in [6]-[8]. However, the discussion has
been appreciably simplified using differential forms. Moreover, it refutes the statement
in [8, p. 210] that it is impossible to derive in a simple way the representation and the
properties of the vector potential which corresponds to the one-form e*Ta. In fact, in all
of the above cases if k; =7, such that r;=r,7;, the one-form solutions

'
*K Ky )

vl —
(3.43) ela uluz( E—

are simply related to the vector potentials W of [8]

P XP

(3.44) W=e —uluzm

Furthermore, these results are readily extended to vector-field problems. A discussion
of those problems is in preparation.

4. Stationary point contributions. The asymptotic evaluation of the integral
(4.1) e’TBX=e"T™A(x)dx™|X,

where x=(x,,X,,- - *,x,) is a point in X and the volume n-form dx™=dx"'dx?: - - dx",
is desired when a nondegenerate stationary point, x,, is the only critical point of I in X
and the function 4 is smooth over X, is zero at infinity and is integrable. A point x, is a
stationary point of T if

(4.2) dT(x,)=0;
it is nondegenerate if, in addition,
(4.3) det](9,9, T)(xo) |0,

where 9, I' means 9I'/dx;. Note that only the case for which B is an n-form is
con81dered explicitly. The general case in which B is a p-form integrated over a
p-domain is handled in a similar manner; the generalizations of the following results to
that case will be apparent. Also, if there is more than one stationary point of I' in X
and if they are not near to one another, each stationary point can be localized with
neutralizers as shown, for instance, in [4] and treated like the present case. Problems
involving the coalescing of stationary points, branch points, poles, and so on will not be
discussed. The situation where the domain is an n-domain ¢ rather than the whole
space X will be discussed at the end of this section.

In the vicinity of x, the Morse lemma [13] realizes a change of variables which
reduces the phase to a quadratic form with coefficients (== 1). Denote the new variables
by u=(u,," - -,u,). They are functions of x in the vicinity of x,; hence, they may be
expressed as u(x, x,). Furthermore, they satisfy the relation

44) T(9)~T()=3 3 npfCesn) =5n-4(xx),

where n;= * 1. For each x,, there is an associated map

(4.5) By U= X usx=p, u: 0>x,
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which expresses x in terms of the new variable u. It will be called the Morse map. The
desired quadratic form:

(4.6) Q(u)=

Nl—'
Il M:
\=N

is defined as
(4.7) 3 [T(x) =T (xo)]=0(u),

where p} is the pullback through the Morse map, ., . To complete the integral (4.1),
the change of variables or pullback p% must be applied to the amplitude n-form, B.
This yields

(4.8) wr B=pz[A(x)dxV] =G (u,x,) du”,
where
“9) )1 A 45| =g

and the Jacobian of the transformation from the u to the x=p , u coordinates:

(@10)  J(uxe)={pt,[det]p, u(x.x0)]] ) = w) -
Finally, with this change of variables the integral (4.1) becomes

(4.11) e’ TBX=e"T["2WG (u, xo) duMU]| =1(v,x,).

This expression can be rewritten immediately as

(4.12) I(r,x4) =e"T*0G(0,x,)[ 22 du™U]

+e"TC0{e"2M[G(u,x) — G(0,x,)] du™U}.
The first integral in (4.12) is simply [4], [14]

(4.13) QW gyMU=c ¢~ = ( % ) -"/Zexp[i( z )sgnn],
where

(4.14) c,=2" ”/Zexp[ % 1nd11]

and

(4.15) C:(%) exp[ mﬂ]

and where if n, and n_ are, respectively, the number of positive and negative 7,
(j=1,2,---,n), then the signature sgnn=n, —n_ and the index Indn=n_. The re-
sults of the lemmas proved in Appendix C allow one to manipulate the second integral
into a form suitable for an asymptotic evaluation. In particular, let the one-form

(4.16) p= > mudu'.

i=1
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As shown in Appendix C, the amplitude n-form G(u,x,)du” can be expressed in terms
of its value at the stationary point =0 of Q(u) and a term linear in p

(4.17) G(u,xy)du™=G(0,x,)du™ +pHy(u,x,).

A suitable choice for the (n—1)-form H, is generated with the inversion algorithm
introduced in §2

(4.18) Hy=(p-p) " 'p*{[G(1,%))—~ G(0,x,)] du™}.

Comments on the nonuniqueness of this choice also follow from those given in §2. With
(4.13) and (4.17) the expression (4.12) becomes

(4.19)  I(r,xq)=(c,c7")e’TDG(0,x,) +e T e*2WpH (u,x,)|U].

The integral in (4.19) can be evaluated using the APL algorithm. Since

(4.20) Bo=pH,
is an n-form and since

(4.21) k=d,Q0=p,
the condition

(4.22) kBy=0

is trivially satisfied. Although the (sufficient) condition k 70 was needed in the preced-
ing section, we can still give meaning to the expression a,=K*g,. Because §,, as well
as k, is zero at the stationary point #=0, the combination K*8, has a finite limit there.
Therefore, the (n— 1)-form a, is well defined over U. Furthermore, since p*H,=0,

(4.23) a,=K*By=(p-p) " 'p*(pHy)=Hy(u,x,).
With the relation
(4.24) D,[e"%Way(u)]=e"2By(u) +e*2D,q,,

one immediately obtains

(4.25) "B U=v""[ e’ H U] +»~ [ *2G (u,x,) du™U],
where
(4.26) Gl(u,xO)duN: _duHo.

Because the boundary, U, of U is at infinity and the amplitude function A4 is zero
there, the boundary integral in (4.25) is zero. The other integral has the same form as
the original integral in (4.19); hence, this process can be repeated. After (m+ 1) steps
(4.12) becomes

m
(4.27) I(v,x0)=e"T(c,c 1) 3 v79G,(0,x,)
J=0

+V"("'+‘)e”r("°)[e”9(“)Gm+l(u,xo)duNlU] ,
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where G,=G,

(4.28) G(u,xo) du=G;(0,x,)du™+pH(u,x,)  (0=<j=m)
and

(4.29) G(u,xy)du¥N=—d,H,_, (1<sism+1).

Truncating the remainder term in (4.27) which is of degree (m+1) in »~!, the (m+1)-
term stationary phase approximation of the integral (4.1) is

m
(4.30) I(r,xq)~e" T (c,c™') T »77G;(0,x,).
Jj=0
Furthermore, as shown in Appendix D,
| A
(431) G0.%)=(~3) {]—.!—A{‘/O}G(u,xo),

where the (modified) Laplacian operator

(4.32) A=313]=n-3]
j=1
and
(4.33) &u/Of(u):Auf(u)LJ:O'

The standard stationary phase expressions are readily obtained from (4.30) and
(4.31) [14]. Furthermore, the preceding derivation is a generalization of the ones given
in [4] and [5] which employed vector identities (divergence theorem) and, hence, were
restricted to Euclidean spaces. In contrast with [4] and [5], for example, the results of
this section remain valid in cases where X is a manifold.

One can rewrite the expression (4.31) in a more manifest form [14]

m
(4.34) cl(v,x0)~e"TC0 ¥ »ITTA(x,),
j=0

where

(4.35) T}FA("°)={C"("%)j[ 1

8] T 50 () =6,6,0.5),
each term in the braces being treated as operators and applied in order from right to
left. The advantages are that the leading term of the series is independent of k and that
the contributions to the expansion from the phase and the amplitude are apparent. The
operators Y}F depend on derivatives of the phase evaluated at the stationary point at
most to the order 2( j+ 1) and contain derivatives which are applied to the amplitude
and evaluated at the stationary point at most to the order 2 j. For instance, when n=1,
if I;=9; . T, then

0
(436) ]Z)F:ri—l/zax/xo’
and

(4.37) Tf=— 1

AT [(sT?-3r,1,)82,, — 125,150}, +12T702,, ].
2
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Applications and ramifications of these results are given in [14] in connection with the
asymptotic evaluation of the Fourier transform.

Now consider the integral ce”'|D, where ) is an n-domain in X. Let I' have an
isolated, nondegenerate stationary point, x,, in the interior of °); in particular, dT'#0
on 2=29%. Let % be the complement of %) in X whose boundary is oriented such that
9D= —Z=. Thus,

(4.38) ce’TBD= ce’BIX— ce’ BD.

The asymptotic evaluation of the first integral clearly yields the stationary phase
contribution, cI(v,x,)= F(», x,). Since % is devoid of any stationary points, the second
integral can be handled with the boundary point formalism. Thus, with the APL
solution

m
(4.39) a=v~' Y via=r"'q,

j=0

it gives

(4.40) —ce’BN=ce’To==(r""c)[eTaZ] =v~ /[’ @2 =v"/2E(»,3),

where

i -12|( k (n=h72 [_ z _ ]
(4.41) = —i(27) {(27,) exp| ~i( T)(n—1)
Therefore,
(4.42) ce’BD~F(v,x,)+v 2E(»,2);

the total asymptotic expansion of the integral is defined in terms of the stationary and
the boundary point contributions. This result assumes those contributions are indepen-
dent. Modifications of (4.42) would be necessary if this condition was not satisfied.

Notice that the boundary integral can be reparameterized in terms of local coordi-
nates on . The resulting integral can then be evaluated asymptotically. If the resultant
phase function is stationary at some point (a critical point of the second kind; the
stationary point x, in the interior of %) being a critical point of the first kind), the
stationary phase formalism can be applied directly to that integral. In electromagnetics
these terms account for the diffracted ray contributions to the total field—those rays
generated from boundaries such as edges. The stationary points of the first kind, on the
other hand, produce the geometrical optics terms. The characteristic k~'/? difference
between these contributions is apparent in (4.42). However, in some instances every
point on the boundary is a stationary point, and it becomes necessary to keep the
nonlocal integral representation of the boundary point contributions. Similarly, if the
boundary 2 has critical points such as discontinuities in its tangents (critical points of
the third kind) or in its curvature (critical points of the fourth kind), the boundary =
can be subdivided into regions over which the derivatives are continuous to a certain
order and whose boundaries coincide with the points of discontinuity. The integrals
over these subregions can now be treated with the boundary point formalism. Standard
results given in [4] or [5] are readily recovered. Note, however, that the differential form
expressions are especially suited to calculations of these types.
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Finally, consider the case where x, is a nondegenerate stationary point of I' and
lies on the boundary 3. Near x, a local coordinate system u=(u’,u,) (where u’'=
(uy," - -,u,_,) defines a point on 2 and u,, is defined along the unit normal to = at x)
can be constructed such that the transformed phase function, px, [, is stationary at
u=(u',u,)=0 and takes the form (ujof')(u)=I"(u',x0)+nu,2,, where n=+1 (—1) if
u,, is positive (negative) for a point in the interior of 9. Consequently, one has

T
(4.43) e"TBD= [ €13 (1, x0;%) (),
where
(4.44) gu,,xq;v) ="V G (u',u,,x,) du'|=

and where 7 is a real positive constant. Note that with k large, the constant 7 can be
replaced with oo, [4]. The asymptotic approximation of the original integral is obtained
by applying the stationary phase approach first to the (n — 1)-dimensional integral over
2 treating the u,-variable as a parameter and then to the one-dimensional integral over
u,. The final result differs from (4.34) because of the form of the latter integration.
Because that integration is only over the nonnegative reals, odd orders of derivatives
and (referring to (4.13)) the coefficient 4, characteristic of this case, appear. The
expressions given in [4] and [5] are readily reproduced.

5. Conclusions. Exterior differential calculus techniques were used to formulate
and to obtain asymptotic solutions of Poincaré’s lemma. In particular, a new method of
solution of a general type of differential form equation was developed. Several applica-
tions of these asymptotic Poincaré lemma results were presented. The boundary and
stationary point contributions to the asymptotic approximation of a multidimensional
integral were derived. Other critical point contributions and asymptotic techniques
were also discussed. The boundary point approach was applied to the Kirchhoff
representation of the diffraction of a scalar field through an aperture. A representation
of the Leray form was synthesized that did not require the introduction of any local
coordinate system. In all of these applications the resultant differential form expres-
sions encompass, as special cases, standard vector calculus representations. Further-
more, in contrast with their vector counterparts the differential form expressions are
easier to obtain and their properties are more transparent. The asymptotic Poincaré
lemma and the associated techniques constitute a versatile approach to a large class of
problems encountered in physics and engineering.

Appendix A: The Leray form. Consider an (n— 1)-dimensional hypersurface S in
X. A neighborhood ¥V of a point on S can be defined by the equation P(x,,"--,x,)=0,
where P is an infinitely differentiable function such that dP+#0 on V (i.e., there are no
singular points on V). A form w, which satisfies

(A.1) dx¥=dPw,

is readily obtained with the inversion algorithm introduced in §2. In particular, since
dP dx™ =0 (the volume form dx" is an n-form), a solution of (A.1) is

CdPraxM ., sdP
(A2) ©="sprap — "V Gp.ap
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where s is the index of the metric associated with the space X. This (n— 1)-form is
called the Leray form [9, Chap. 111, §1]. Note that we have taken

(A.3) *dx™N =
and
(A.4) *I=(=1)" s wnth,

where w is the operator which applied to a p-form B gives wB=(—1)?B8. Clearly, the
Leray form depends only on the function P by which V is represented. If P(x)
represents (up to higher order terms) the distance from x to V, the (n—1)-form
reduces to the Euclidean element of area on S. Statements concerning uniqueness
follow directly from those discussed in the APL. In particular, the form w+(dP)y,
where y is any (n—2)-form, is also a solution of (A.1). Notice that if one assumes on V'
some 9, P70 such that dP=(6x/_P)dxf, (A.2) reduces to

. .. =l dxi oo gxn
(A.5) o=(—1) & dxla‘jfj &

Similar arguments can be applied to an (n—j)-dimensional manifold defined
locally by the equations: P\(x)=0, P(x)=0,- - -,P(x)=0. The (n—j)-form

(A6) _ (aPdpPy---dP)*dx"  (=1)'x(dP,---dP)
. w (dpl"'de)*(dPl"'dl})*(dPl“'de)'(dPl---dI;)

satisfies the relation
(A7) dx"=dP,dP,- - - dpPw.

If y is any (n—2j)-form, the form w+(dP,- -+dP;)y is also a solution of (A.7).
Furthermore, with the expression

(A.g) dPl"'de:J(Ph"',Pj;xn‘ . .’xj)dxl. dxd,
where the Jacobian
(A.9) J(Pla‘ o Pxy, "xj):detllax,Pkl|(i,k=l,~~~,j)’

and with the adjoint operator identity («,a,)* =a%a}, the Leray form (A.6) becomes

dxj+1. . dx"

(A.10) w= .
J(Pl’.”’Pj;xl”."xj)

The preceding results coincide with those given in [9]. Note, however, that the
present approach differs from the standard construct employed in [9]. For instance,
(A.5) can be derived by introducing the local coordinates (u,,---,u,)=u such that
u;=x, for i#j and u;= P,, hence, J(x;u)Z(E)ij)_l and

(A.11) dxN=J(x;u)du'---du/""dPdut"- - du".

Equation (A.3) is recovered immediately from (A.1) and (A.11). On the other hand, the
Leray form expressions (A.2) and (A.6) are globally valid and avoid the interjection of
the local coordinate system.
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Appendix B: The APL solution to the Kirchhoff diffraction of two spherical waves is
exact. It will be shown that the 1-term APL solution to the Kirchhoff diffraction of
two spherical waves is exact; i.e., that day=p,. Let p,=r;k;. The one-form (3.25) can
then be rewritten as

*
(B.1) =81

Let

(B.2) A=nr(rry+p,-py)

and

(B.3) B=2rr,+p, p,.

Since

(B.4) d(py-p)=p,+p,,

one has

(B.5) dA=(r1r2)_1[(B+r12)r22p1+(B+r22)r12p2]
so that

(B.6) 24— (dA*p,)= _(’1’2)“]"22[3(1’1 'Pz)+(’|r2)2] = _(%)("1’24‘401'402)2

and
r
(8.7 24—(d*9)= =2 ) (o102
Consequently, with the identity
(B.8) d*(hy)=hd*y—(dh)*y,
where h is a scalar function, y is any ¢g-form and the codifferential operator [1, F. 19]
(B.9) d*=x"1dx(—1)7,
when it is applied to a g-form, and with the relation
(B.10) d*(p\p2)=2(p,—p,),

one obtains
(B.11) _(4'”)2d“0:*[d*(A_]P|P2)] =A% [24(p,—p,) +dA*(pp,)]
=A72x [(24—dA*p,)p,— (24— dA%p,)p,]

_ -1 Py Py
=(rr x| —=——,
(rir2) (r22 rlz)

so that

K, K
(B.12) dag=—g g * (r_z_’;l“)zﬁr
2 N
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Appendix C: Linear representation of a p-form about a point. The inversion algo-
rithm will be used in this appendix to generalize the following lemma to p-forms.

LemMa C.1. Let f be a C*® function in a convex neighborhood M of the point
xo=(0,--+,0,x,, 1, *,x,) in X. Then

() 1)) = 3 34, (3)

for s(;)me ;uitable C® functions h; defined in M, with (axj N(xo)=h(x0).
roof.

1d]
f(X)_f(Xo):‘/(; %(txl""’txp’xp-f—l’"';xn)dt
L 2
= 2 T(txl,---,txp,xp+,,---,xn)xjdt.

Therefore, set h;(x)= [g(3f/3x;) (X1, * *,1X,, Xy 15" * 5 X, )dt. O
Note that Lemma C.1 is a simple extension of [13, Lemma 2.1]. Now consider the

following lemma.
LemmA C.2. In X let the p-form
(C2) B(x)=a,(x)dx’,

where J is the multi-index of length p: J=j, j,- - - j,, s0 that
dx?=dx)dx/>- - - dx'r.
With the subset $={ j,J,," * “sJp) of the set {1,2,- - -,n}, let the one-form
(C.3) ED) fax/,
i€}
where f; is a scalar function. Then, if not all of the f; are zero, the p-form (C.2) has the
linear representation

(C4) B(x)=0a(x),

where a is some suitable ( p — 1)-form.
Proof. The relation (C.4) follows immediately from the inversion algorithm dis-
cussed in §2. In particular, the necessary condition

(C.5) 8B(x)=0

is trivially satisfied. Thus, since at least one fj#O, hence, §#0, set

(C.6) a(x)=(6*6)""[6*B(x)]. O
COROLLARY. Let the one-form

(C.7) 0= 3 c¢;x;dx/,
JE€Y

where c; is a constant, and let Xo=(Xg," " *,X,0) be the point whose components x;,=0
for j€Y. Then about x, one has the linear representation

(C.8) B(x)—B(xo) =0H(x).

for some suitable ( p— 1)-form H.
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The corollary is clearly a special case of Lemma C.2; a suitable H is

(C9) H(x)=(6%0)""0*[ B(x)—B(x,)]
Equation (C.8) is the desired generalization of (C.1).

Appendix D: A representation of the stationary phase amplitudes. The (modified)
Laplacian

Au:""auZELu

applied to a p-form

a=Ya,du’,
7

where J is a multi-index of length p, acts only on its coefficients:

Loa=Y(L,a,)du’.
J

If the g-form
Hj:;hj,du’,

where I is a multi-index of length g and the one-form

n
p= 2 n;u;du’
i=1

=

then

(D) L(oH,)=

IRE

—_

2 ["IiLu(“thjl)] du'du’
i I
. n n .
2 ["hui(Luhjl)] du'du’+2 2 > 2 (ninlau,uiau,hjl)d“ldul
I i=1[=11

Il
IRE

—

1

n
pLqu+2‘21 §(Bul_hj,)duidu’=pLqu+2dqu.
1=

With the identity
d,°oL,=L,°d,,
repeated applications of (D.1) give
Ly(pH,) =Ly \(pL,H,+2d,H)=Ly[pL2H+2d,(L,H,)+2L,(d H,)]
=Ly [ pL2H;+4L(d H,)| ="+ =pLyH+2mLy"'(d,H,).
Thus,
(D.2) K. o(pH,)=2mb70(d, H)).

Now consider the p-form B(u,x,) and the (p—1)-form H;(u,x,) which satisfy the
system
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B;(u,x0)=8;(0,x,) +pH,(u,x) (0=j=m),
Bi(u,xg)=—d,H,_, (1=ism+1).

Equation (D.2) then gives

A'L'/oﬁj(“,xo): _2m5ﬁ;olﬁj+1(“,xo)-

Therefore,

A{;/oﬁo(“,xo): —ZjA{,;('),Bl(u,xo)=(-—2)2j(j—-I)Aijéﬁz(u,xo)
= =(=2)/j1B,(0,%,),

hence

(D3) B0x0)=(~5) {5180} B,

Consequently, with the n-form

Bi(u,x0)=G;(u,x,)du”,

(D.3) yields
1V (1 4,
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