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Abstract—In this paper, we estimate the Mutual Information
Rate (MIR) for Two-Dimensional Magnetic Recording (TDMR)
channel with input constraints by using the Generalized Belief
Propagation (GBP) algorithm. The Voronoi channel model is
considered in this paper. Since the main source of media noise
in the TDMR channel is the boundary distortion of the bit area
which is manifested in presence of transitions of the input data,
the constraints utilized for TDMR systems limit the number
of transitions in the input patterns. In [1], we showed that
constrained coding can provide performance gain in the bit error
rate (BER). However, BER is not a proper figure of merit to
compare various input distributions for a fixed channel since the
rate loss due to using constrained input is not accounted for. On
the other hand, computing MIR for different input distributions
can lead us to the limits of the channel capacity.

Index Terms—Mutual Information Rate, Two-Dimensional
Magnetic Recording (TDMR), Two-Dimensional Constrained
Coding, Generalized Belief Propagation (GBP)

I. INTRODUCTION

Two-dimensional (2D) constrained coding is becoming one
of the most important ingredients of read channels for storage
systems. A pursuit of extremely high storage densities requires
using only a small number of magnetized grains (5-10) to
store one bit of information, which introduces many technical
challenges. Instead of relying on conventional one dimensional
(1D) detection, 2D signal processing is performed in order
to reduce spacing between tracks and mitigate the resulting
strong inter-symbol interference (ISI) and data-dependent me-
dia noise [2]. Two-dimensional magnetic recording (TDMR)
[3] is as an emerging technology based on the concept of
processing and detection of 2D signals, and can approach
densities of 10 Tb/in2 and higher. In TDMR systems as the
conventional media is used to store information, irregular
boundaries of the magnetic grains and randomness of the
grain shapes are the main source of noise [4]. These harmful
properties of such a storage system necessitate utilizing a 2D
constrained coding in order to improve the system perfor-
mance. The main idea is to store only patterns that will not be
distorted significantly by the TDMR channel, or, equivalently,
to use only those patterns that are beneficial for the detection
process.

Constrained codes have been successfully utilized in 1D
information storage systems. The theory of 1D constrained
coding is mature as well as practical aspects of 1D code and
decoder design. Nevertheless, there is no systematic approach
for designing 2D encoders and decoders. Initial work on

2D constraints was done by Ashley and Marcus [5] who
proposed a 2D low pass constrained coding by extending 1D
constraints over 2D array of signals. The low-pass constraints
eliminate bit patterns with large high-frequency components
thus making read-back signals at the output of a channel more
distinguishable, which results in a gain in the performance of
the detector [1]. The 1D noiseless capacity of a constrained-
input channel is defined as the asymptotic growth rate of the
number of admissible patterns for a block of sequences as
the block length goes to infinity. The noiseless capacity of a
2D constrained code can be similarly defined based on the
number of patterns which obey a constraint. In order to assign
a constrained code to a N ×N array of variables, where N is
large enough, generalized belief propagation (GBP) algorithm
is utilized to estimate the 2D noiseless capacity for a wide
family of constraints in [1] and [6]. The GBP as a capacity
estimation algorithm computes the 2D noiseless constrained
channel capacity by counting the number of admissible pat-
terns over 2D array of variables. In [6], Sabato and Molkaraie
proposed a method for generating 2D Run-Length-Limited
(RLL) sequences according to the capacity achieving distri-
bution obtained from the GBP algorithm. We generalize their
scheme for designing a 2D constrained sequence generator for
an arbitrary locally imposed constraint.

The capacity of a system can serve as the ultimate perfor-
mance benchmark for channel coding and detection methods
indicating the achievable storage densities. Mutual Information
Rate (MIR) can serve as a lower bound on the channel capacity
of a system by considering a specific distribution on input.
In [7], using the forward recursion BCJR algorithm, MIR
is computed for one-dimensional (1D) AWGN channel with
memory. It is shown that the MIR can be accurately estimated
by Monte Carlo methods [8]. For 2D Gaussian channels with
memory, Shental et al. utilized the GPB algorithm [9] for
detection and MIR estimation using Monto Carlo methods. As
the natural optimization criterion of TDMR system parameters,
MIR provides a measure for achievable user storage density. In
[10], MIR for uniform independent and identically distributed
(iid) binary input called Symmetric Information Rate (SIR) is
estimated for TDMR Voronoi channel model using the GBP
algorithm. Furthermore, the bit aspect ratio of a TDMR system
is optimized by maximizing SIR per unit bit area. In this paper,
MIR of the TDMR Voronoi channel model is computed for
constrained input using the GBP algorithm. Since media noise
is caused due to input data transitions, the constraints utilized



for TDMR systems limit the number of transitions in the input
patterns. In [1], imposing restrictions on 2D input patterns
results in an order of magnitude improvement in the bit error
rate. However, using BER as the optimizing criterion, the
constraint code rate must be compensated in the bit aspect ratio
in order for the comparison to be fair. Therefore, BER is not
a proper figure of merit to compare various input distributions
for a fixed channel. On the other hand, the computed MIR for
different input distributions and bit aspect ratios can be easily
translated to amount of reliably transmitted bits per magnetic
grain and areal density gains.

The organization of the paper is as follows. The noise
analysis of Voronoi channel with 2D ISI as the magnetic
recording channel model is intorduced in Section II. The
framework utilized for estimating the MIR of a TDMR sys-
tem is explained in Section III. Performance evaluation of
constrained and unconstrained TDMR systems in terms of
BER and MIR is provided in Section IV. Finally, Section V
concludes the paper.

II. SYSTEM MODEL

In this section, the read channel model utilized in this paper
to model the TDMR channel is introduced. In the model, the
input alphabet is M = {−1,+1}. The write process on the
magnetic medium is modeled by the Voronoi model [4], [1]
in which each grain is represented by a Voronoi region. The
magnetic reader senses the magnetization on the medium, and
produces symbols from the output alphabet Y = R. Then, the
2D GBP-based MIR estimator is utilized in order to compute
the MIR of the channel. The details of the read channel model
are provided in the following.

A. Write-Head and Magnetic Medium

In this paper, the non-ideal features of a magnetic medium
is modeled by the Voronoi model [4]. In this model, each
Voronoi region represents a grain. A grain is defined as the
smallest magnetic region which is independently magnetized.
Each Voronoi region, S, corresponds to a center c where each
point of a 2D-plane belonging to S is closer to the center
c rather than other region (grain) centers. In our model, the
grain centers are generated with Poisson-disk distribution by
the boundary sampling described in [11], [1] .

During the write process, input bits are written on the
magnetic recording medium. The write process of the TDMR
system does not have any prior knowledge of the positions nor
shapes of the magnetic grains. Therefore, the writer proceeds
assuming that bit borders are rectangles (ideal medium) and
attempts to write in the ideal bit areas. In this model, the grains
whose centers are within that bit area are magnetized with the
polarization of that bit. The Ideal noiseless magnetization of
input signal, x(t), is given as

x(t1, t2) =
∑
i

∑
j

xi,jΠTW(t1 − iTW)ΠBL(t2 − jBL),

BL

TW
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Fig. 1. An example of the Voronoi channel model with BL = 15nm and
TW = 30nm [1].

where

ΠT (t) =

{
1 0 ≤ t < T

0 Otherwise

where xi,j is the (i, j)th bit cell, TW denoting track-width
is the width of each bit area along the cross track direction
and BL denoting bit-length is the length of each bit area
along the down track direction. The down-track and cross-track
directions are specified in Fig. 1. A 90nm × 90nm realization
of the magnetic medium generated using this model is shown
in Fig. 1. The grey and black colors of the grains represent
positive (corresponding to 1) and negative (corresponding to
-1) magnetization, respectively.

B. Read-Head Process

Continuous reduction in the bit dimensions of TDMR leads
to the read-head impulse response which spans m × n bits
introducing 2D inter-symbol interference (ISI) to the TDMR
system. The reader output is obtained by convolving the
magnetization of the recording medium with the read-head
impulse response h(t1, t2) and sampling at the center of bit
area in the down-track direction. In this paper, the reader
response span is 3 × 3 bits. The 3 × 3 span of the reader
response can be considered as the 2D generalized partial
response of the equalizer [12]. The discrete output of the
reader is obtained by sampling the reader output at the center
of the ideal bit areas in down-track direction. For the ideal
medium, “ideal values” denoted by si,j is the discrete read-
head output and is formulated as

si,j =

+1∑
k1=−1

+1∑
k2=−1

xi−k1,j−k2hk1,k2 , (1)

where hk1,k2
as the discretized impulse response of the reader

is given by

hk1,k2
=

∫∫
Ak1,k2

h(t1, t2) dt1 dt2,

and Ak1,k2
is the rectangular area of bit (k1, k2). In this paper,

the reader impulse response is considered to be a truncated



Fig. 2. The media noise distribution p(yi,j |x) for different states of xCi,j

[10].

Gaussian pulse. The term PW50/TW50 denotes the width of
the impulse response of the read-head reaching half of its
maximum value in the down-track/cross-track direction.

The effects of irregular boundaries of the magnetic medium
is modeled by an additive media noise denoted by ni,j . For
the case of non-ideal magnetic medium, the reader output is
obtained by

yi,j = si,j + ni,j . (2)

The main part of the media noise is caused due to randomness
of the bit areas and is manifested by input transitions. If two
neighboring bits have the same polarization, there is no media
noise caused from their shared bit border. As a result, the
media noise is data-dependent and since the span of the read-
head impulse response is m×n, ni,j is dependent on a m×n
span of input data (3 × 3 in our case), where (i, j) is the
centering bit of the 3×3 region. In this paper, the distribution
of the media noise is dependent on a 3×3 input array resulting
in 29 different noise distributions.

As shown in Fig. 2, the probability distribution of the media
noise for different input patterns is computed. The white and
black colors represent 1 and −1 magnetization, respectively.
The dashed red curves show the distribution of the input data
with inverse polarity resulting in symmetric distributions over
the y-axis. As the number of transitions in the neighboring
bits of 3× 3 region increases the media noise also increases.
Based on extensive simulations, the media noise distribution
is shown to be close to Gaussian distribution following the
central limit theorem. Thus, the media noise distribution of
each 3 × 3 bit input state is approximated with the Gaussian
distribution.

III. GBP-BASED INFORMATION RATE ESTIMATION

Mutual information rate (MIR) can be considered as a
figure of merit for measuring the overall performance of the
TDMR system. In spite of the bit error rate (BER), MIR
provides performance comparison in terms of reliably trans-
mitted information bits. In [10], MIR is computed for TDMR
Voronoi channel while the input is a uniform independent and
identically distributed binary random variable. In this paper,
the MIR of the TDMR Voronoi channel is estimated for the
input with locally constrained uniform binary random variable.

In TDMR systems, decreasing the bit size results in reduc-
tion of SNR due to augmentation of media noise and ISI.
Constrained codes are used to increase the SNR by placing
constraints on the written signal. Since the main source of
media noise in the TDMR channel is the boundary distortion
of the bit area which is manifested by transitions of the input
data, the constraints basically aim to decrease media noise by
forbidding the input patterns with high transitions. It should be
noted that there is an unavoidable loss in rate of transmission
associated to using a constrained code. Therefore, the usage of
constrained codes would be justifiable if the SNR increment
due to these codes be even higher in order to have an over-
all performance gain. Performance comparison of a TDMR
system using constrained and unconstrained input in terms of
BER is not fair since the rate loss due to applying constraints
are not accounted for in the raw BER values. However, the
rate loss is automatically accounted for in information rate
computation which consequently makes MIR the perfect figure
of merit for comparison of TDMR systems with different input
distributions and parameters.

In this paper, MIR estimation is done for an N×N magnetic
medium using the GBP algorithm . The logarithm functions
used in this section are base two. Note that, for symmetric
channels, the capacity is achieved while the input distribution
is uniform. The choice of the constraint which maximizes
the MIR on the uniform constrained input for the Voronoi
channel is a demanding problem which is answered by MIR
estimation. The constrained input MIR estimation consists of
two parts. In the first step, the uniform constrained input must
be generated. For this purpose, the GBP algorithm is used
to obtain the marginal a priori probabilities for each 3 × 3
bit region which is afterward used in GBP MIR estimation.
In the second step, MIR for the constrained uniform input is
estimated using Monto Carlo simulations. Before we describe
the MIR estimation algorithm, we introduce preliminaries and
definitions of the GBP algorithm.

A. GBP Preliminaries and Definitions

We start with definitions required for using the GBP algo-
rithm for the problem of constrained coding. As the GBP is
a message passing algorithm, we first introduce the graphical
representation for the procedure.

Factor graph corresponding to a local constraint is a bipar-
tite graph consisting of a set of variable nodes Vi,j (informa-
tion bits) and a set of factor nodes fi,j (local constraints). A
variable node Vi′,j′ is connected to a factor node fi,j if and
only if Vi′,j′ is an argument of fi,j . The set Ci,j is defined as
the set of all the positions in a 2D grid (i′, j′) such that Vi′,j′ is
connect to fi,j . Figure 3 depicts the factor graph corresponding
to a 4 × 4 grid where each 3 × 3 square region is locally
constrained by a factor node. Variable nodes, Vij , are shown
with circles and factor nodes, Cij , with squares.

Region graph of the given graphical model is generated
according to the cluster variation method [9]. In order to
obtain the region graph, a parent region R is specified by
a set of variable nodes and factor nodes such that if fi,j ∈ R



V11 V12 V13
V14

V21 V22 V23 V24

V31 V32 V33 V34

V41 V42 V43 V44

C22 C23

C32 C33

Fig. 3. Factor graph of a 4× 4 variable nodes with local constraints on each
3× 3 region.

then VCi,j ∈ R where VCi,j = {Vi,j |(i, j) ∈ Ci,j}. The
child regions of a region graph are constructed by taking
the intersection of the parent regions, the intersections of the
intersections, and so on. An example of a region graph for the
factor graph of Fig. 3 is provided in Fig. 4 [1], [13]. In this
case, each factor is included in only one region.

Factor Function, fi,j(xCi,j ), is a function of variables of
Ci,j defining the constraint. In case of detection for TDMR,
fi,j(xCi,j

) = p(yi,j |xCi,j
). In case of the constrained coded

input,

fi,j(xCi,j ) =

{
1, xCi,j ∈ SCi,j

0, otherwise

where SCi,j
is the set of admissible patterns which defines the

local constraint on the variables of Ci,j . In general, the local
constraint is the same for all the parent regions.

Partition Function Z and the Helmholtz free energy FH are
closely related terms in statistical physics which is defined as
FH = − lnZ. In this paper, we define the partition function
as

Z =
∑

x

f(x) =
∑

x

∏
i,j

fi,j(xCi,j
) (3)

where fi,j(xCi,j ) is the factor function explained above for
the detection and constrained input cases. For the case of
constrained code, Z counts the number of admissible patterns
| X | in N ×N grid for a specific local constraint defined by
fi,j(xCi,j

). For the case of detection,

Z(y) =
∑

x

∏
i,j

p(yi,j |xCi,j
) =

∑
x

p(y|x) (4)

B. GBP-Based Constraint Capacity Estimation

In this part, we explain our main idea of generating 2D
constrained sequences achieving the maximum entropy based
on the GBP algorithm. The capacity (or the maximum entropy)
of a constrained 2D array is achieved when the admissible
2D arrays are equi-probable. In order to obtain the uniform
distribution over the set of admissible patterns, the GBP as a
capacity estimation algorithm is utilized. In [1] and [6], the
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Fig. 4. A region graph of a 4 × 4 variable nodes generated for the factor
graph of Fig. 3 utilizing the parent to child scheme [9].

GBP algorithm is applied to estimate the 2D noiseless capacity
for a wide family of constraints providing with capacity
achieving distribution over the set of admissible patterns.
The GBP algorithm provides the marginal distributions on
the locally specified regions to achieve uniform distribution
for an specific constraint. Then, 2D constrained sequence
is generated according to the obtained distributions of the
regions.

The 2D-noiseless channel capacity of a N ×N array of 2D
constrained sequence is defined by

C2D = lim
N→∞

log2(ZN×N )

N ×N
(5)

where ZN×N , the 2D partition function, specifies the number
of legitimate patterns of the size N×N which satisfy the con-
straint. We can obtain the 2D partition function by applying the
GBP to the factor graph of a N ×N variable nodes with local
constraints. Since the Helmholtz free energy is FH = − lnZ,
computing Z can be done by obtaining the region-based free
energy estimate. If the GBP algorithm is used to estimate
beliefs of each region b(xRi

) (the marginal probability of Ri),
region-based free energy F̂H can be formulated by

F̂H =
∑
R∈R

cR
∑
xR

bR(xR)

(
ln bR(xR)− ln

∏
a∈FR

fa(xa)

)
(6)

where R is the set of all regions, cRi
is the counting number

defined as

cRi = 1−
∑

p∈PRi

cp (7)

where PRi
is the set of regions which are the parent regions

of Ri, xRi is the set of variables in Ri, and finally FRi is the
set of local factors in region Ri. For more details on GBP, we
refer the reader to [9] and [6].

The 2D noiseless capacity or maximum entropy of a source
X is achieved with uniform distribution over the set of admis-
sible input patterns X . Therefore, the probability distribution
achieving the 2D noiseless constrained channel capacity is



p(x) =

{
1
|X | , x ∈ X

0, otherwise
(8)

where | X | is the cardinality of the set X . In order to
generate 2D constrained sequences with maximum entropy, we
need to obtain the beliefs of regions (or the marginal probabil-
ity of each region) which results in uniform distribution over
the set of admissible patterns X . The beliefs of the regions
is provided by using the GBP algorithm. Then according to
the obtained distributions achieving the 2D noiseless channel
capacity, 2D constrained sequences are generated to write on
a storage medium.

C. GBP-Based Information Rate Estimation for Constrained
TDMR Channel

For the case of information estimation for a TDMR Voronoi
channel, f(x) = p(y|x) is applied in the GBP algorithm as
p(y|x) defines the channel. The GBP algorithm is utilized to
estimate the beliefs of each region. Then by using these beliefs
of regions, Helmholtz free energy is computed using (6).

The GBP algorithm as a message passing algorithm can
operate on the region graph of the TDMR channel to compute
the marginal probabilities. The beliefs of each region as an
output of the GBP algorithm is an accurate approximation of
the marginal probability of each region. In the sequel, we first
define the MIR and then explain the method used to obtain
the MIR by using the GBP algorithm.

The MIR of a channel with the transition function p(Y|X) is
defined as the mutual information between input X and output
Y. In this paper, we intend to compute the MIR for an N×N
bit TDMR system modeled by the Voronoi channel model. To
put this in a rigorous form, we have

MIR =
1

N2
I(X; Y) =

1

N2
H(Y)− 1

N2
H(Y|X) (9)

where p(X) = 1
|X | for a uniform constrained input.

Let y be the output of the non-ideal medium. The condi-
tional entropy H(y|x) is computed analytically by using the
media noise distribution p(y|x), and can be formulated as

1

N2
H(y|x)

(a)
= H(yi,j |x = xCi,j

)
(b)
= Ex

1

2
log(2πeσ2

x=xCi,j
)

(10)

where Ex is the expectation over all possible states of x and
(a) is obtained by

p(y|x) =

N∏
i=1

N∏
j=1

p(yi,j |x = xCi,j
), (11)

since the noise distribution of each parent region is only
dependent on its variables. The equality (b) is provided using
the entropy of a Gaussian random variable. Therefore, the
problem of estimating the MIR reduces to computing the

TABLE I
THE TDMR SYSTEM PARAMETERS IN THE SIMULATIONS OF FIG. 5 AND

FIG. 6. RS-CT (RS-DT) DENOTES THE READER RESPONSE SPAN IN
CROSS-TRACK (DOWN-TRACK) DIMENSION. ALL THE PARAMETERS IN

THE TABLE ARE IN NANOMETERS.

TW BL RSCT RSDT TW50 PW50

TDMR1 10:1:20 7 30 21 20 14
TDMR2 10:1:20 7.5 30 21 20 14

entropy rate of the received output y. For this purpose, we
use the empirical averaging in the form of

H(y) = −Ey log p(y) ≈ − 1

L

L∑
l=1

log p(y(l)). (12)

where L is the number of samples y drawn according to p(y).
Then, p(y(l)) can be computed using

p(y(l)) =
∑

x

p(x)p(y(l)|x) =
1

| X |
∑

x

p(y(l)|x) (13)

where the right hand side equality is concluded by the uniform
input since the channel is symmetric. Therefore, the problem
of estimating the mutual information rate of a TDMR system
reduces to the problem of computing

∑
x p(y(l)|x) = Z(y(l))

as in (4). According to (6), we can utilize the GBP algorithm in
order to compute Z(y(l)). We refer the reader to the original
paper of GBP algorithm for further details [9]. The output
entropy computation concludes to

H(Y) = − 1

L

L∑
l=1

1

| X |
log(Z(y(l))), (14)

where | X |= Z is computed in Section III-B. MIR is then
computed using (9).

IV. MIR AND BER PERFORMANCE COMPARISON OF
CONSTRAINED SYSTEMS

Constrained codes are used to increase the SNR by placing
constraints on the input patterns with more transitions. Thus,
these constraints are basically “low-pass constraints” which do
not allow consecutive transitions to occur. The constraint used
in the simulations are the “non-isolated bit” (NIB) constraint.
The NIB local factor for 3 × 3 region centering bit (i, j) is
given as

fi,j(xi,j−1, xi−1,j , xi,j , xi+1,j , xi,j+1)

=

{
0, if xi−1,j = xi+1,j = xi,j−1 = xi,j+1 6= xi,j

1, otherwise,

The GBP-based capacity approximation of NIB constraint,
CNIB, using 5 is 0.924 [1]. For the purpose of BER comparison
of the constrained and unconstrained system, we assume that
the bit size of a constrained signal is reduced by the factor of
1/CNIB. We have simulated two TDMR systems with different
parameters denoted by TDMRi for i = 1, 2. The parameters
are listed in Table I. These parameters correspond to arbitrary
but realistic physical values. The read-head parameters are
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Fig. 5. MIR performance of the TDMR1 and TDMR2 for the constrained
(NIB constraint) and unconstrained input as a function of TW

chosen such that the ISI span does not exceed 3× 3 bit area
throughout the simulations. All the parameters are the same in
simulations for the compared TDMR systems except the bit-
length (BL). Based on CNIB, the BL is modified accordingly in
order to compensate for the rate loss due to using constrained
code. Thus, BLTDMR1/BLTDMR2 ≈ CNIB.

Figure 5 shows the MIR performance of the TDMR1 and
TDMR2 for the constrained and unconstrained input as a
function of TW. In lower TW, the MIR gain of the constrained
input is higher which shows that the SNR gain due to
constrained coding not only compensates for the rate loss of
constrained coding but an overall performance gain is also
achieved. As TW increases, there is a cross-over point in the
MIR curves where the SNR gain due to constrained coding is
the same as it’s rate loss. As shown in Fig. 5, the cross-over
occurs in TW = 19nm and TW = 17nm for BL = 7nm and
BL = 7.5nm, respectively. This is due to the fact that there is
more performance gain of using constrained coding for lower
BL.

In Fig. 6, the BER performance is plotted as a function of
TW for the same set of systems as Fig. 5. It is clear that using
constrained input improves the BER performance for both
TDMR systems, however BER comparison of the constrained
and unconstrained input for the same TDMR system is not fair
since the rate loss due to using constrained input can is not
compensated in the unconstrained input BER curve. Figure
6 shows that the BER performance gain due to constrained
coding for BL = 7nm is higher than the BER performance
gain of increasing BL from 7nm to 7.5nm.

V. CONCLUSION

In this paper, we estimate the MIR as a lower bound on
the capacity of TDMR systems using the GBP algorithm by
approximating the media noise distribution by AWGN with
variance and mean dependent on information bits written on
the magnetic medium. The performance of the constrained and
unconstrained TDMR systems are evaluated in terms of MIR
and BER which concludes that MIR is a superior figure of
merit for TMDR system evaluation.
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