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Abstract

We introduce a method for improving the guaranteed error correction capability of regular low-

density parity check codes. The proposed algorithm operates not one but a set iterative decoders, for

which the message-passing update rules are judiciously chosen to ensure that decoders have different

dynamics on a specific finite-length code. The idea is that if an error pattern cannot be corrected by

one particular decoder, there another decoder in the set of decoders which can correct this pattern. The

decoders are from the class of finite-alphabet iterative decoders. A systematic construction of the decoder

set is proposed, based on knowledge of the most harmful trapping sets. Different dynamics of the selected

decoders on the for the same error patterns is interpreted as ”decoding diversity.” We show that a the

use of a plurality of message update rules can collectively correct more errors patterns than the stand-

alone decoders, and therefore increase significantly the guaranteed error correction capability of regular,

column-weight three codes. This improvement is illustrated in detail on the particular example of the

(N = 155,K = 62, dmin = 20) Tanner code.

I. INTRODUCTION

It is now well established that iterative decoding (ID) approaches the performance of maximum

likelihood decoding (MLD) of the low density parity check (LDPC) codes, asymptotically in the block
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length. However, for finite length sparse codes, iterative decoding fails on specific subgraphs of a Tanner

graph, generically termed as trapping sets [4, 18]. Trapping sets (TS) give rise to an error floor, described

as an abrupt degradation of the code error performance in the high signal to noise ratio regime. This

performance degradation is also characterized by the notion of pseudo-codewords [3], which represent

attractor points of iterative message passing decoders, analogous to codewords which represent solutions

of the MLD. A precise structural relationship between trapping sets and pseudo-codewords of a given

Tanner graph and a decoding algorithm is not yet fully established, but it is known that pseudo-codewords

on the binary symmetric channel (BSC) are typically supported by the small TS of the LDPC code in

the sense that the bits which form a pseudo-codeword are contained in the topological structure which

define a TS. Many authors have pointed out that the minimum Hamming weight of pseudo-codewords is

generally smaller that the minimum distance for most LDPC codes [27]. Thus, the presence of trapping

sets prevents, in principle, iterative decoders to approach or reach the performance of MLD for finite

lengths LDPC codes.

An error correcting code C is said to have t-guaranteed error correction capability using a decoder D

over the BSC channel if D can correct all error patterns of weight t or less. Following the discussion

of the previous paragraph, increasing the guaranteed error correction of an LDPC code improves the

frame error rate (FER) performance in the high signal to noise ratio region, as error patterns with small

Hamming weights are dominant in this region. The problem of guaranteed error correction is critical for

applications like magnetic, optical and solid-state storage, flash memories, optical communication over

fiber or free-space, as well as an important open problem in coding theory. Guaranteed error correction

is usually achieved by using Bose-Chaudhuri-Hocquenghem (BCH) or Reed-Solomon (RS) codes and

hard-decision decoders such as the Berlekamp-Massey decoder [28], but very little is known about the

guaranteed error correction capability of LDPC codes under iterative decoding. The main reason for this

comes from the fact that even though the weaknesses of an LDPC code are relatively well characterized

through identification of its trapping sets, it is an arduous task to determine wether a particular ID

succeeds in correcting all t-error patterns localized on all the trapping sets. As an example, for strictly

regular LDPC codes with dv = 3 connections per coded bit, and girth g = 8, it has been shown that the

guaranteed error correction capability differs when different ID are used [19, 20].

In this paper, we introduce a general approach to improve the guaranteed error correction capability of

regular LDPC codes, by using a set of carefully chosen ID which are tuned to have different dynamical

behaviors on a specific finite length LDPC code. The idea is that if an error pattern located in a dominant
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TS cannot be corrected by one particular ID, there is another decoder in the set of considered decoders that

can correct this pattern. By choosing carefully a set of IDs, it is then possible to correct all error events

located in the dominant trapping sets and therefore increase the guaranteed error capability of the LDPC

codes, compared to classical ID such as belief propagation (BP) or its derivatives (BP-based, min-sum).

The capability of the set of ID to collectively correct a diverse set of error patterns is termed “decoding

diversity”. Throughout this paper, we will restrict the choice of decoders to the recently introduced class

of finite alphabet iterative decoders (FAID) [7, 8], for which the messages may be represented only by

three bits. The reason of this choice is that FAID have been demonstrated to be more powerful than usual

IDs in the error floor region [7, 16], and also because the FAID framework allows to define a plurality

of different iterative decoders [21] tailored to correct a desired set of error patterns.

The principle of our approach is described as follows: given a fixed LDPC code, we want to find a set

of good decoders that — when used sequentially or parallely — can correct a fixed number of errors, say

t. A brute force approach would rely on checking all possible error patterns of weight t for every possible

decoder, and then choosing the set of decoders that correct all the patterns. However, this brute force

approach is prohibitively complex. Instead, we focus on the error patterns associated with the smallest

TS present in the code. The methodology then involves searching for such TS, build the corresponding

error pattern sets, and then find a combination of decoders that can correct all these particular patterns.

Although each FAID in the decoder set is very simple, we show that using increasingly larger sets of

decoders, one can significantly increase the guaranteed error correction of iterative decoding for short

length LDPC codes. We apply this procedure to the (N = 155,K = 62, dmin = 20) Tanner code, and

demonstrate that using the framework of FAID decoding diversity allows to increase the guaranteed error

correction capability from t = 5 for achievable by the best existing iterative decoders, to t = 7 using our

new framework, inducing thereby a significant improvement in the slope of the error floor in the FER

curve.

The paper is organized as follows. In a first section, we recall the main notions presented in the

literature that are useful for the understanding of our methodology of iterative decoding diversity. Then

in a second section of the paper, we describe the general methodology, based on a precise knowledge

of the TS distribution of a given code and an iterative decoder selection algorithm. Finally, in a third

section, we apply our procedure to the specific example of the (N = 155,K = 62, dmin = 20) Tanner

code.
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II. PRELIMINARIES

In this section, we introduce the main notations and concepts introduced in the literature which are

required for the decoding procedure that we propose in this paper. After basic notations on LDPC codes

and channels assumptions, we present the general notion of iterative message passing decoders and the

concept of Trapping sets, which will be used in the rest of the paper.

A. Regular LDPC Codes

LDPC codes belong to the class of linear block codes which can be defined by sparse bipartite graphs

called Tanner graphs [1]. The Tanner graph G of a binary LDPC code C is a bipartite graph with two sets

of nodes: the set of variable nodes V = {v1, · · · , vN} and the set of check nodes C = {c1, · · · , cM}.

The check nodes (variable nodes resp.) connected to a variable node (check node resp.) are referred to as

its neighbors. The set of neighbors of a node vi is denoted as N (vi), and the set of neighbors of node cj

is denoted by N (cj). The degree of a node is the number of its neighbors, and for regular LDPC codes,

we denote by dv = |N (vi)| ∀i the constant variable node degree, and by dc = |N (cj)| ∀j the constant

check-node degree.

Let x = (x1, x2, . . . , xN ) be a vector such that xi denotes the value of the bit associated with variable

node vi. The vector x is a codeword if and only if for each check node, the modulo two sum of the bit

values of its neighbors is zero, which means that each and every parity-check equation is verified. An

(N, dv, dc) regular LDPC code is then a code with rate R ≤ 1− dv/dc that has a Tanner graph with N

variable nodes each of degree dv and Ndv/dc check nodes each of degree dc.

B. Channel Assumptions

We assume that a binary codeword x is transmitted over a noisy channel and is received as y. We

consider only binary-input, memoryless, output-symmetric channels, so that

Pr(y|x) =

N∏
i=1

Pr(yi|xi).

Pr(yi|xi), the probability that yi is received given that xi was sent, depends only on the transmitted bit

and the value of channel output, bit not on i.

The log-likelihood ratio (LLR) corresponding to each variable node vi is given by

γi = log

(
Pr(yi|xi = 0)

Pr(yi|xi = 1)

)
.
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We shall restrict our discussion to the Binary Symmetric Channel (BSC). On the BSC with transition

probability α, every transmitted bit xi ∈ {0, 1} is flipped with probability α and is received as yi ∈ {0, 1}.

Hence, we have

γi =

 log
(

1−α
α

)
if yi = 0

log
(

α
1−α

)
if yi = 1

(1)

The BSC channel can also be modeled as y = x ⊕ e, where the binary vector e = (e1, e2, . . . , eN ) is

referred to as an error pattern, and ⊕ is the modulo-two sum.

Throughout the rest of the paper, the support of an error vector e = (e1, e2, . . . , eN ), denoted by

supp(e), is defined as the set of all positions i such that ei 6= 0. A weight of the error pattern e, denoted

by w(e) is the cardinality of supp(e).

C. Iterative Message Passing Decoders

Iterative decoders operate by passing messages along the edges of the Tanner graph representation of

the code. In each iteration, the messages on the edges are computed as a function of only local messages

coming from their neighbors. More precisely, it excludes the incoming message on the edge for which

the outgoing message is being determined at a particular node.

Let m(k)
vi→cj denote the message passed by a variable node vi ∈ V to its neighboring check node cj ∈ C

during the kth iteration and m
(k)
cj→vi denote the message passed by a check node cj to its neighboring

variable node vi. The set m(k)
N (vi)→vi denotes the set of all incoming messages to variable node vi and

m
(k)
N (vi)\cj→vi denotes the set of all incoming messages to variable node vi except from check node cj .

The set m(k)
N (cj)\vi→cj is defined similarly.

Let moreover y = (y1, y2, . . . , yN ) be the input to the decoder, which are used for the computation

of the LLR values as indicated in equation (1). Let the output channel values take their values in the

set Y and the messages of the ID take their values in the set M (note that in general, both Y and

M could be continuous or discrete sets). A general iterative decoder is defined by two functions Φv

and Φc, which determine the message update functions through the variable nodes and the check-nodes,

respectively. The function Φv : Y×Mdv−1 →M, denotes the update function used at the variable node,

and Φc :Mdc−1 →M denotes the update function used at the check node. At each iteration k > 0, the

iterative decoder updates each and every message in the graph as follows:
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m
(0)
vi→cj = yi vi ∈ V, cj ∈ N (vi)

m
(k)
cj→vi = Φc(m

(k−1)
N (cj)\vi→cj ) cj ∈ C, vi ∈ N (cj)

m
(k)
vi→cj = Φv(yi,m

(k)
N (vi)\cj→vi) vi ∈ V, cj ∈ N (vi)

Message update rules are symmetric functions, i.e., they remain unchanged by any permutation of the

incoming messages. In other words, the order of arguments is insignificant. Note that Φc is a symmetric

function on all dc− 1 arguments, and Φv is a partially symmetric function that is symmetric only on the

dv−1 incoming messages, i.e. the output is independent of the ordering of the dv−1 incoming messages

as arguments. In typical message-passing algorithms though, yi and the dv − 1 messages belong to the

set of reals, R, and the function Φv is symmetric. This is not the case for the class of finite alphabet

iterative decoders that we focus on in this paper.

A function Ψ : Y ×Mdv , called the decision function is used to take a decision on the bit value

associated with each variable node vi ∈ V at the end of each iteration. The result of decoding after k

iterations x̂(k) = (x̂
(k)
1 , x̂

(k)
2 , . . . , x̂

(k)
N ) is calculated as

x̂
(k)
i = Ψ(yi,m

(k)
N (vi)→vi) (2)

In traditional message passing algorithms, especially when the messages passed are in the log domain,

the decision function is simply implemented by looking at the sign of the sum of its arguments. In other

words, x̂(k)
i = 0 if yi+

∑
m

(k)
N (vi)→vi > 0, x̂(k)

i = 1 if yi+
∑
m

(k)
N (vi)→vi < 0, and x̂(k)

i = (sgn(yi)−1)/2

otherwise, where the sgn function denotes the standard signum function.

The decoder also produces the syndrome vector s(k) = (s
(k)
1 , s

(k)
2 , . . . , s

(k)
M ), defined as

ŝ
(k)
j =

⊕
x̂

(k)
N (cj)

where x̂(k)
N (cj) are the estimated bit values assigned to variable nodes neighboring to cj , and the operator⊕

denotes their modulo-two sum. The computation of the syndrome vector and its comparison to the

all-zero vector serves as a halting criterion for the iterative decoder. The iterative algorithm runs until a

maximum number of iterations, NI , is reached or until the syndrome vector becomes the all-zero vector,

which means that all parity-check equations are satisfied and a codeword has been detected.

During analysis of message-passing decoders throughout this paper, we shall assume that the all-zero

codeword was transmitted. This is a valid assumption as explained in [13] since the decoder update

equations as well as the channel outputs we are considering are symmetric.
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D. Belief propagation algorithm: sum-product and min-sum

Message passing decoders can be broadly classified into: (i) hard decoding algorithms such as the

Gallager A and the Gallager B algorithms (used for decoding over the BSC [23]), and (ii) soft decoding

algorithms such as belief propagation (BP) or the min-sum algorithm [24, 25]. While the messages for the

BP-based algorithms are real-valued, the quantized BP algorithms and algorithms with erasures such as

Gallager-E [23] belong to the class of finite alphabet iterative decoders (FAID) [8] because their messages

take values in a finite alphabet. In this paper, we shall focus on a new type of FAID which are different

from existing quantized decoders primarily due to their difference in the definition of their variable node

update functions as well as in the interpretation of their messages. These decoders are presented in detail

in Section III.

For the sake of clarity and comparison purposes, we provide the update rules of the BP and min-sum

algorithms. For both algorithms, the decoder input y = (y1, y2, . . . , yN ) is a real-valued vector of log-

likelihoods (Y = R) such that yi = γi ∀i ∈ {1, . . . , N}, and γi is determined for the BSC using (1).

Also since the messages are real-valued (M = R), Φv : R × Rdv−1 → R is the update rule used at a

variable node of degree dv, and Φc : Rdc−1 → R is the update rule used at a check node with degree dc.

Let m1,m2, . . . ,ml−1 denote the l − 1 incoming messages of a node of degree l which are used in

the calculation of the outgoing message. The update rules for the belief propagation algorithm are given

as follows [25]:

Φv(yi,m1, . . . ,mdv−1) = yi +

dv−1∑
j=1

mj (3)

Φc(m1,m2, . . . ,mdc−1) = 2 tanh−1

dc−1∏
j=1

tanh
(mj

2

) (4)

As one can see on equation (4), the check node update equation of the BP decoder is quite complicated

and it is in practice not trivial to have a good implementation-friendly approximation of this update

equation. To simplify the implementation of the check node update on hardware, the min-sum algorithm

is usually prefered and described, for a parity-check node of degree dc, as:

Φc(m1, . . . ,mdc−1) =

dc−1∏
j=1

sgn(mj)

 min
j∈{1,...,dc−1}

(|mj |) (5)

where sgn denotes the standard signum function.

The decision function Ψ used for these algorithms is the same as the one defined in previous Section. It

has been further shown that when the output of the min-sum check node update equation (5) is corrected
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by a simple constant offset, the performance of the min-sum algorithm approach closely the performance

of BP in the high-SNR regime [24].

E. Trapping sets and trapping set ontology

Now that we have introduced the generalities about iterative decoders, let us dscuss in details what

has been identified as their main weakness in terms of error correction, using the concept of trapping

sets (TS) [4]. For a given decoder input y = {y1, y2, · · · , yN}, a TS T(y) is a non-empty set of variable

nodes that are not eventually corrected by the ID. A variable node vi is said to be eventually correct if

there exists a positive integer q such that when the decoder is run for all l ≥ q iterations, vi is always

decoded to the correct value. Note that if T(y) is empty, then the decoding is declared as successful.

A standard notation commonly used to denote a trapping set is (a, b), 0 ≤ a ≤ A, 0 ≤ b ≤ B, where

a = |T(y)|, and b is the number of odd-degree check nodes present in the subgraph induced by T(y).

The Tanner graph representation of an (a, b) TS denoted by T is a subgraph induced by T(y) containing

a variable nodes and b odd-degree check nodes. A code C is said to contain a TS of type T if there

exists a set of variable nodes in G whose induced subgraph is isomorphic to T , seen as a topological

structure. Let NT denote the number of trapping sets of type T that are contained in the code C. Also for

convenience we shall simply use T (instead of the more precise notation T(y)) to refer to a particular

subset of variable nodes in a given code that form a trapping set. Finally, let {Ti,T | i = 1, . . . , NT } be

the collection of trapping sets of type T present in code C. In other words, {Ti,T }i is a collection of all

distinct subsets of variable nodes whose induced subgraphs are isomorphic to trapping sets of type T .

A TS is said to be elementary if T contains only degree-one or/and degree-two check nodes. It is now

well established that the error floor phenomenon is dominated by the presence of elementary trapping

sets in the Tanner graph of the code [4, 9]. Hence, we shall restrict our focus on elementary trapping

sets throughout the paper.

Although the (a, b) notation is typically used in literature, this notation is not sufficient to uniquely

denote a particular trapping set as there can be many trapping sets with different topological structures

that share the same values of a and b. Distinguishing different TS with same values of a and b is an

important issue, since the topological structure of a TS determines how harmful the TS is for the error

floor of a given decoder [18]. In this paper, we propose to modify the TS notation by including additional

parameters into the existing notation so that we are able to distinguish between distinct trapping sets that

share the same values a and b. Since a notation which includes complete topological description of a
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subgraph would be extremely complicated and too precise for our purpose, we introduce a simplified

notation which only captures the cycle structure of the subgraph, and thus gives a cycle inventory of a

trapping set.

Definition 1. A trapping set is said to be of type (a, b;
∏
k≥2(2k)gk) if the corresponding subgraph

contains exactely gk distinct cycles of length 2k.

As an example, Fig.1 shows the two non-isomorphic (a, b) = (6, 4) trapping sets for girth g = 8,

dv = 3 regular codes: (6,4;82121) and (6,4;81102).

v
1

v
2

v
5

v
3

v
4

v
6

(a) (6,4;82121)

v
2

v
3v

5

v
1

v
4

v
6

(b) (6,4;81102)

Figure 1. Two non-isomorphic trapping sets T with (a, b) = (6, 4). The (6,4;82121) trapping set (Fig. 1(a)) is composed of

two 8-cycles (v1 − v2 − v3 − v4 − v1 and v3 − v4 − v5 − v6 − v3) and one 12-cycle (v1− v2 − v5 − v6 − v3 − v4 − v1), while

the (6,4;81102) trapping set (Fig. 1(b)) has one 8-cycle (v1− v2− v3− v4− v1) and two 10-cycles (v1− v2− v3− v5− v6− v1

and v1 − v4 − v3 − v5 − v6 − v1).

Our choice of notation appears to be sufficient for differentiating between the topological structures

of mutiple (a, b) trapping sets, and also includes the definition of codewords of C. The (a, 0) trapping

sets corresponds to a codeword of weight a. In a given code there may be different types of (a, 0)

codewords having different cycle structure. For example, as we discuss later, the (N = 155,K =

62, dmin = 20) Tanner code [1] contains minimum weight codewords with three different cycle invento-

ries: (20, 0; 84101112814121615), (20, 0; 86107121014171631), and (20, 0; 851251640).

The trapping sets are typically fixed points of iterative decoders, in the sense that if the decoder is

initialized on the BSC with errors exactly located in T, the decoder is stuck and cannot converge to

a codeword (right or wrong codeword). Moreover, following the interpretation of iterative decoders as

dynamical systems [32, 33], trapping sets act as attractor points for an ID, and error patterns which are
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close but not identical to T could also be attracted to T [4]. Although the trapping sets are always the

support of patterns for which the ID fails to converge in the low error-floor region, on the other hand, the

number of bit errors and the locations of the errors which lead to an iterative decoding failure depend

on the ID update equations [16].

Instead of viewing this dependence as a disadvantage, we may exploit it for designing improved

iterative decoders as well as for constructing codes with better error floor performance as shown in [7]

and [19, 18]. The concept of trapping set ontology (TSO) was introduced in order to form a database of

trapping sets constructed systematically, and to provide a classification of the trapping sets based on their

topological relations. The TSO can be used for easy enumeration of certain types trapping sets present in

a given code, for estimation of the error floor performance of a given code, for constructing good codes,

and for designing better decoders [18].

III. FINITE ALPHABET ITERATIVE DECODERS

The methodology preseted in this paper relies on the recently introduced type of finite alphabet iterative

decoders [7, 8]. These new message passing decoders have much lower complexity compared to existing

message passing decoders, while having the potential to surpass — in the error floor region — the

classical decoders like the floating-point BP or the min-sum decoder. Additionnally, the FAID framework

allows us to define a plurality of powerful iterative decoders having different decoding dynamics for

particular error pattern realizations, which we make use in this paper to introduce the concept of decoder

diversity.

A. General Definition of FAID

An Ns-level FAID D is a 4-tuple given by D = (M,Y,Φv,Φc). The messages are levels confined to

a finite alphabet M = {−Ls, . . . ,−L2,−L1, 0, L1, L2, . . . , Ls} consisting of Ns = 2s+ 1 levels, where

Li ∈ R+ and Li > Lj for any i > j. The number of precision bits required for representation of the

messages during implementation is blog2(Ns)c. For instance, a FAID with Ns = 7 levels requires 3 bits.

As in the previous sections, we interpret the sign of a message x ∈ M to represent the value of the

bit (positive for zero and negative for one) associated with the variable node, and the magnitude |x| to

reflect a measure of how reliable this value is. It must be noted however that |x| does not represent

the quantized value of a log-domain reliability (a posteriori log-likelihood ratio) nor does it represent a

quantized probability. The message 0 in the alphabet can be interpreted as an erasure message.
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The set Y denotes the set of possible channel values, which reduces to only two values Y = {±C}

in the case of BSC. The channel value yi ∈ Y is determined by yi = (−1)riC where ri is the value

received from the channel at variable node vi, i.e., we use the mapping 0 → C and 1 → −C. Let

m1,m2, . . . ,ml−1 denote the l − 1 incoming messages of a node of degree l which are used in the

calculation of the outgoing message, either check node or variable node.

The function Φc :Mdc−1 →M is used as update rule at a check node with degree dc and is defined

as

Φc(m1, . . . ,mdc−1) =

dc−1∏
j=1

sgn(mj)

 min
j∈{1,...,dc−1}

(|mj |) (6)

Note that this function is the same as the one used in the min-sum decoder except that the messages

belong to a finite alphabet M.

The function Φv : Y ×Mdv−1 →M is a map used as update rule at a variable node with degree dv.

Φv can be described as a closed form function (as given in [7]) or simply as a multidimensional array

(look-up table). As a closed form function, Φv is defined as

Φv(yi,m1,m2, · · · ,mdv−1) = Q

dv−1∑
j=1

mj +mc · yi

 (7)

where the function Q(.) is defined as follows based on a threshold set T = {Ti : 1 ≤ i ≤ s+ 1} such

that Ti ∈ R+ and Ti > Tj if i > j, and Ts+1 =∞.

Q(x) =

{
sgn(x)Li, if Ti ≤ |x| < Ti+1

0, otherwise

The additive parameter mc is computed using a symmetric function Ω : Mdv−1 → {0, 1}, which can

be linear or non-linear. Based on this definition, Φv can be described as a linear-threshold (LT) or non-

linear-threshold (NLT) function. If Ω=constant, then it is an LT function, else it is an NLT function. Note

that due to possible non-linearity in Ω, the FAID are different — and more general — from existing

quantized BP or min-sum decoders. Alternatively Φv can be described as map in the form of a look-up

table (LUT), which is more convenient to describe them and for practical hardware implementation.

Definition 2 (Symmetric decoder). If the update function Φv of a FAID satisfies the following condition

Φv(yi,m1, ...,mdv−1) = −Φv(−yi,−m1, ...,−mdv−1) (8)

then the FAID is a symmetric decoder.
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From the above definition as well as from (7) that defines the map Φv, it is clear that FAID are

symmetric decoders.

The decision function Ψ is again the same as the one defined for the sum-product and min-sum

algorithms, i.e. decide whether the bit value of the variable node is 0 or 1 based on the sign of the sum

of its arguments.

B. FAID for column-weight dv = 3 LDPC codes

For column-weight three codes, the function Φv can be conveniently represented as a two dimen-

sional array. Let us alternatively define M to be M = {M1,M2, · · · ,MNs
} where M1 = −Ls,

M2 = −Ls−1,· · · , Ms = −L1, Ms+1 = 0, Ms+2 = L2,· · · , MNs
= Ls. In this case, the function

Φv can be represented by an array [li,j ]1≤i,j≤Ns
, li,j ∈ M, so that Φv(Mi,Mj ,−C) = li,j for any

Mi,Mj ∈ M. The values for Φv(Mi,Mj ,+C) can be deduced from the symmetry of Φv. Note that

given a set M and Y , since Φc is fixed for any Ns-level FAID, the function Φv uniquely specifies the

Ns-level FAID.

In the array representation of Φv, a particular choice of [li,j ]1≤i,j≤Ns
gives rise to a particular Φv.

It is clear from this representation that there is a huge number of Ns-level FAIDs to select from. To

make it managable, we first disregard the rules that do not exhibit a “typical” behavior observed in soft

message passing decoders. This typical behavior implies that for a given yi at a node vi, the magnitude of

the outgoing message should always increase with the increase of magnitude of the incoming messages.

Intuitively, this makes sense since we would expect a node to send messages with an increased reliability

if it is receiving messages with higher reliability as long as all of them are conforming to the same sign.

For instance, if Φv(L1, L2,−C) = L2, then all the FAIDs with Φv(L2, L2,−C) = L1 are forbidden since

Φv(L2, L2,−C) should be no less than Φv(L1, L2,−C). To incorporate this property into FAID rules,

we specify an ordering constraint, called lexicographic ordering as follows.

Definition 3 (Lexicographic ordering). A lexicographically ordered FAID for column weight three codes

is a decoder whose variable node update function Φv satisfies the following property.

|Φv(−C, |m1| , |m2|)| ≥
∣∣Φv(−C,

∣∣m′1∣∣ , ∣∣m′2∣∣)∣∣ (9)

for all |m1| ≥ |m′1| and |m2| ≥ |m′2|.

The ordering significantly reduces the number of FAID considered, but still leaves many good FAIDs

as candidates in the selection procedure.
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Definition 4 (Class-A FAID). A Class-A FAID is a symmetric lexicographically ordered FAID for column

weight three codes.

In this paper, we shall only consider the set of FAID consisting of all possible Class-A FAID. A natural

question that arises at this point is the number of Class-A FAIDs. The total number of all possible Class-A

FAID with Ns levels is given by the following theorem.

Theorem 1 (Number of Class-A FAID). The total number KA(Ns) of symmetric lexicographically

ordered Ns-level FAID is given by

KA(Ns) =
H2(3Ns)H1(Ns)H2(Ns − 1)

H2(2Ns + 1)H1(2Ns − 1)
(10)

where Hk(n) = (n− k)! (n− 2k)! (n− 3k)! . . . is the staggered hyperfactorial function.

Proof: The proof of the theorem is given in Appendix A and follows from the isomorphism between

the Class-A FAID and symmetric boxed plane partitions. Kuperberg [34] gave an elegant formula for the

enumeration of symmetric plane partitions contained in a box of dimensions (r, r, t) leading to Eq. 10.

The total number of Class-A FAID for Ns = 5, Ns = 7, and Ns = 9 levels are:

KA(5) = 28 314

KA(7) = 530 803 988

KA(9) = 230 316 871 499 560

Such an enormous number of decoders requires an efficient systematic procedure to separate good

decoders from bad ones. By “good” we mean good in the the error floor region. The existence of such

a procedure is difficult to conjecture, and in our previous work we have shown with counter-examples

that the selecton process cannnot rely neither on density-evolution thresholds alone [16, 21] nor on the

sole analysis of trapping sets viewed as combinatorial objects. Indeed, for the FER analysis on the BSC,

one needs to consider the notion of a critical number [31, 31] of a trapping set that was introduced

to characterize the contribution of a given TS to the error floor. The concept of a critical number is

motivated by the fact that not all variable nodes in a TS need to be in error for decoder to fail on this TS.

Thus, the critical number corresponds to the minimum number of errors located inside the TS, leading

to a decoding failure. The computation of the critical number on a (a, b) trapping set is done under a

so-called isolation assumption [7]. Loosely, the isolation assumption provides a conditions under which

a TS isolated from rest of the Tanner graph has the same dynamics as when it is not isolated, and is a

generalization of the Gallager’s independence assumption. Although the isolation assumption provides a
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convenient way to analyze the ID decoding failures of trapping sets, it does not take into account the

messages coming from the neighborhood of the trapping set. Consequently, the critical numbers of the

smallest TS may not adequately reflect the behavior of a decoder on the whole graph, not even in the

error floor region. In [16], we presented some evidence that the sole use of critical numbers to select

good decoders could be misleading.

In [21], we have proposed a method for selecting good Class-A FAID decoders based on a heuristic

discriminating between good and bad FAID rules. We introduced a concept of noisy trapping sets,

i.e., trapping sets containing deliberately introduced noisy messages in their direct neighborhood. The

associated heuristic is defined as a vector of noisy critical numbers, which better reflects the average error

correction capability of a decoder when a noisy neighborhood of the TS is assumed. Using statistics on

the noisy critical numbers, we proposed an iterative greedy selection algorithm to select good FAID and

reject bad FAID. From this selection algorithm, we were able to select 5 FAID decoders with Ns = 5

levels among the KA(5) = 28314 decoders, and Nf = 70 FAID decoders with Ns = 7 levels among a

subset of 6 575 972 decoders. Each of the selected decoders were found to have better error correction

performance than the floating point BP in the error floor for a range of regular dv = 3 LDPC codes.

IV. DECODER DIVERSITY

A. Decoder Diversity Principle

In this section, we rigorously introduce the concept of decoder diversity, which is based on the fact

that we have at our disposal a large number of FAID rules, each of which could serve as an iterative

decoding algorithm. From section III-B, we have seen that the concept of FAID allows the definition

of a very large number of possible decoders, which could be combined to increase the error correction

capability of an LDPC code under iterative decoding.

Let us assume that we have at our disposal a set of Class-A Ns-level FAID denoted by

D =
{(
M,Y,Φ(i)

v ,Φc

)
| i = 1, . . . , ND

}
(11)

where each Φ
(i)
v is defined as in Equation (7), and Φc is the check node rule defined in Equation (6).

We refer to this set D as a decoder diversity set, and an element of this set is denoted by Di where

Di =
(
M,Y,Φ(i)

v ,Φc

)
.

The question we address is to determine whether the decoders in the set D could be used in combination

(either sequentially or parallely) in order to guarantee the correction of all error patterns up to a certain
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weight t. We need first to put notations on the collection of error patterns that each decoder is able to

correct separately. Let E denote an arbitrary set of error patterns on a code C whose Tanner graph is G,

i.e. a set of non-zero vectors e which serve as initialization of the decoders. Now, let EDi
⊆ E be the

subset of error patterns that are correctable by a given FAID Di, alone.

Definition 5. We say that the set of error patterns E is correctable by a decoder diversity set D if

E =

ND⋃
i=1

EDi

Note that here we do not put a limit on the maximum number of decoding iterations of each decoder

Di, this issue will be discussed for the practical example of the Tanner code in section V. Given a set

of error patterns up to a certain weight t on a code, one would like to determine the smallest decoder

diversity sets that can correct all such error patterns. This problem is known as the Set Covering Problem,

and is NP-hard [29]. In this paper, instead of looking for the smallest number of decoders which covers

the error patterns set, we propose a algorithm for the selection of the decoder divesity set, based on some

heuristics, which results in D larger than the minimal set, but still improves greatly the guaranteed error

correction of a given code.

Note that in the definition of a decoder diversity set, we do not make any assumption on the cardinalities

of each correctable subset EDi
. Typically, strong decoders have large correctable subsets EDi

, while other

decoders which are selected to correct very specific error patterns, could have a small correctable subset.

There are different ways to compose a set D from Di’s in order to cover the set E with the sets EDi
. Two

distiguished ways are illustrated in Figure 2. Figure 2(a) shows a case where the set of error events E

(represented as a big square) is paved with nearly equally powerful decoders (smaller overlapping squares

of similar sizes). Figure 2(b) shows another type of covering corresponding to using one strong decoder

and a number of weaker decoders (smaller rectangles) dedicated to “surgical” correction of specific error

patterns not correctable by the strong decoder.

B. Error Sets

As mentioned previously, our main goal is to increase the guaranteed error correction of a code using

decoder diversity, that is for a given LDPC code C whose Tanner graph is G, we would like to find

a small decoder diversity set D which guarantees correction of a fixed number of errors t. Since we

are required to determine the correctable subsets for each Class-A Ns-level FAID that is considered
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figures/error_tiling_equal.pdf

(a)

figures/error_tiling_unequal.pdf

(b)

Figure 2. Typical ways in which decoder diversity can correct all error patterns from a pre-determined set E .

for possible inclusion into the set D, it is important to address the issue of which error sets should be

considered for assessing the error correction capability of a given FAID.

Let G′ be a subgraph of G with the set of variable nodes V ′ ⊆ V . Denote by Ek(G′) the set of all

error patterns of weight k whose support lies entirely in the variable node set of subgraph G′:

Ek(G′) = {e : w(e) = k, supp(e) ⊆ V ′} (12)

Note that Ek(G) denotes the set of all error patterns of weight k on the code C. For simplicity, we shall

denote this particular set as Ek instead of Ek(G). Also let E [t] =
⋃t
k=1 Ek denote the set of all error

patterns whose weight is no larger than t.

A brute force approach to ensure a t-guaranteed error correction capability requires to consider all the

error patterns in the set E [t], the target error set that we wish eventually to “pave”, and find a decoder

diversity set D which corrects the errors in E [t]. Obviously, the cardinality of such error pattern sets are too

large for a practical analysis. Instead, let us consider smaller error pattern sets, based on the knowledge

of the trapping set distribution of the code C. It is reasonable to assume that the errors patterns that are

the most difficult to correct for the iterative decoders are patterns whose support is concentrated in the

topological neighborhood of trapping sets.

Recall that {Ti,T | i = 1, . . . , NT } denotes the collection of all (a, b) trapping sets of type T that are

present in code C. Let Ek(T ) denote the set of error patterns of weight k whose support lies in a (a, b)

trapping set Ti,T of type T . More precisely,
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Ek(T ) = {e : w(e) = k, supp(e) ⊆ Ti,T i ∈ {1, . . . , NT }} (13)

The cardinality of Ek(T ) is given by

|Ek(T )| =

 a

k

 NT (14)

Now, let Λa,b denote the set of all TS of different types present in the code C that have the same

parameters (a, b). The error sets Ek(Λa,b) and E [t](Λa,b) associated with Λa,b are defined as follows:

Ek(Λa,b) =
⋃
T ∈Λa,b

Ek(T ) (15)

E [t](Λa,b) =

t⋃
k=1

Ek(Λa,b) (16)

Finally, Λ{A,B} is the set containing all (a, b) trapping sets of different types for different values of

a ≤ A and b ≤ B

Λ(A,B) =
⋃

0≤a≤A, 0≤b≤B
Λa,b

and its associated error set is

E [t](Λ(A,B)) =
⋃

0≤a≤A, 0≤b≤B
E [t](Λa,b) (17)

Clearly, E [t](Λ(A,B)) ⊆ E [t], and the cardinality of the latter error set can be further reduced by taking

into account homomorphism properties imposed by a specific LDPC code design. Quasi-cyclic codes

are the prime example. To enable parallelization of the decoder hardware, most LDPC codes that are

used in practice are build from protographs expansions, and are therefore quasi-cyclic in nature. As a

result, Tanner graph of such codes possess many TSs that are not only isomorphic in the sense of their

topological structure, but also have identical neighborhoods. Therefore suffice to consider error patterns

associated with any one of these isomorphic topologies rather than considering all of them. Some authors

have proposed LDPC code constructions which have even more structural properties than just the quasi-

cyclicity. An example of this construction is the Tanner code we mentioned in the Introduction [12]. For

this particular design, the existence of three homorphism groups reduces by several orders of magnitude

the number of TSs of maximum size (A,B) that need to be considered. We will study in detail a code

of this type in section V.
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To conclude this section on error sets, we provide a conjecture that we found valid for the test cases

that we have analyzed, and which gives a criterion to choose the values of A and B that one wants to

consider for the final error set that will be used for the diversity decoder set selection algorithm. From the

standpoint of the computational complexity, it is indeed important to appropriately limit the maximum

size of the trapping sets that are included in the set Λ(A,B). The first remark concerns the choice of

B. Typically it has been observed that — in the case of regular dv = 3 LDPC codes — most harmful

(a, b) trapping sets have small values of b. Note that this is not anymore the case for LDPC codes with

dv = 4, as explained with the concept of absorbing sets in [26]. In addition, the value of A should be

chosen depending on the value of guaranteed error correction capability t that we are trying to achieve,

and based on the following conjecture.

Conjecture 1. If there exists a decoder diversity set D that corrects all patterns in the set E [t](Λ(A,B))

on the isolated trapping sets Λ(A,B), with A = 2t, and sufficiently large B, then the decoder diversity

set D will also correct all error patterns up to weight t on the code C with high probability.

The above conjecture is analogous to the condition for correcting t errors by the MLD, which requires

that the Hamming weight of error patterns shell be lower than bdmin/2c. Put differently, if a decoder

Di ∈ D cannot correct t errors which are concentrated on a TS of size smaller than 2t, then it cannot

correct more scattered weight-t error patterns either. That is, the decoder cannot correct the error patterns

at a Hamming distance larger than t from the support of a considered TS.

At the present stage of this work, we have not found any counter-example, but have not been able to

prove the conjecture. We have analyzed numerous codes, and in this paper we present the the results for

the (N = 155,K = 62, dmin = 20) Tanner code (in Section V).

Based on the above conjecture, we now see that considering the set E [t](Λ(A,B)) instead of E [t] may

be sufficient for determining the decoder diversity set ensuring t-guaranteed error correction capability,

while at the same time reducing sufficiently the cardinality of the error sets the selection procedure begins

with. The proposed method has reasonable computational complexity and is applicable to medium-length

LDPC codes and FAIDs up to 9 levels.

C. Generation of FAID diversity sets

We now present the procedure for selecting the FAID diversity set D[t] capable of correcting all error

patterns in the set E [t](Λ(A,B)). In other words, we would like to determine a small (possibly smallest)

decoder diversity set that can ensure a guaranteed correction of t errors on a given code.
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Our approach for selecting the diversity sets is as follows. Let us assume that we are given a large set

Dbase which contains candidate FAID that are potentially good on any given code (i.e. they have potential

to surpass BP in the error floor). This set could be obtained from simulations on different codes or by

using a selection technique such as the methodology based on noisy trapping sets presented in [21]. Our

goal is to select D[t] from Dbase. In essence, the procedure runs over all error patterns up to weight t

and tests their correctability when decoded by different decoders from Dbase. The algorithm iteratively

expands the sets D[1],D[1] . . .D[t] by including in the diversity set the decoders capable of correcting

larger and larger error patterns. At the same time, the algorithm is bookkeeping the set of Er of error

patterns whose correctability is undecided. The algorithm halts when Er = Ø, which means that for the

given choice of t and NI , the decoder diversity set D[t] guarantees correction of t errors on the error set

E [t](Λ(A,B)), which in turns guarantees correction of t errors on the LDPC code C in a maximum of NI

iterations — assuming the Conjecture 1 is valid. As a side result, the selection algorithm gives also the

diversity sets D[k] for k < t, which are obtained at each iterative stage of the algorithm.

To formally define the algorithm, let us denote by Er ⊂ E [t](Λ(A,B)) the set of unresolved error patterns

during the selection algorithm. If E [t]
Di

is the set of error patterns that are correctable by the decoders in

D1,D1, . . . ,Dl, that are selected and included in D[t], then the set of unresolved error patterns set is

Er = E [t](Λ(A,B))\
⋃

1≤i≤l
E [t]

Di

The iterative selection algorithm is now described as follows:

Note that in addition to Dbase, the algorithm takes also the maximum number of iterations, NI , as

an input. The number of iterations required to to correct a trapping set varies across error patterns

E [t](Λ(A,B)), and different choices of NI lead to different identified decoder diversity sets. Determining

optimal number of iterations is beyond scope of this paper, but it will be discussed in details in the next

section for our test case.

In any case, if for some t and NI , the algorithm ends with Er = Ø after all error patterns have been

tested for correctability, i.e., when k = t is reached, then the decoder set D[t] does not contain a single

decoder that guarantees correction of all t errors on the error set E [t](Λ(A,B)). This means that assuming

that the assumptions of the Conjecture 1 are valid, the diversity set cannot correct all t errors in the

LDPC code C in a maximum of NI iterations. As a side result, the selection algorithm gives also the

diversity sets D[k] for k < t, which are obtained at each iterative stage of the algorithm.

For example, consider the case of t = 7-guaranteed error correction capability on a code C. Suppose

the selection algorithm has already tested correctabilty of shorter error patterns, and is currently in the
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Algorithm 1 Decoder Diversity Selection Algorithm
1) Given Dbase and NI , set D[k] = Ø, 1 ≤ k ≤ t.

Initialize k, set parameters (A,B) = (2k,B) based on conjecture 1. Set Er = Ek(Λ(A,B)),

2) set Dk = Ø and i = 1,

a) run all FAID in Dbase initialized with error patterns in Er for a maximum of NI iterations

and select the FAID Di which corrects the largest number of error patterns, i.e.
∣∣ErDi

∣∣ is

maximum. Put Di in Dk, i.e., Dk = Dk ∪Di,

b) remove all error patterns corrected by Di from the set Er, i.e. Er = Er\ErDi
.

c) Set i = i+ 1, go to 2) a) and repeat until Er = Ø:

3) set D[k] = D[k]
⋃
Dk,

4) set k = k + 1, and (A,B) = (2k,B). Set D[k] = D[k−1],

a) ∀ Di ∈ D[k], determine the correctable subsets of k-error patterns by decoders Di denoted

by EkDi
(Λ(A,B)),

b) set Er = Ek(Λ(A,B))\
⋃

Di∈D[k]

EkDi
(Λ(A,B)),

c) go to 2) and repeat until k = t

stage when k = 5. The algorithm is now testing the 5-error patterns and, based on the Conjecture 1, sets

(A,B) = (10, 4). After one iteration of step 2) in the selection algorithm, we get a set D[5] of FAIDs,

that corrects all 5-error patterns in E5(Λ(10,4)), for which the support is included in TS with parameters

(a ≤ 10, b ≤ 4). Then, for k = 6, step 4) removes from E6(Λ(12,4)) the error patterns correctable by the

decoders already selected in D[5]. We then proceed with the second iteration of the selection algorithm

with the remaining undecided error patterns in Er, i.e. the error patterns whose correctability is to be

tested by other decoders Di /∈ D[5]. After the second instance of step 2), we obtain a larger set of decoders

D[6] (D[5] ⊂ D[6]) which corrects all error patterns in E [6](Λ(12,4)). Finally, after the third iteration, we

eventually obtain a set of decoders D[7], such that D[5] ⊂ D[6] ⊂ D[7], which corrects all error patterns in

E [7](Λ(14,4)). Based on the conjecture 1, the set of decoders D[7] ensures correction of all k-error patterns

with k ≤ t = 7.

Note that during the iterations of the selection algorithm, if Er 6= Ø even after i = |Dbase|, then

it implies that even the entire set of candidate FAID Dbase with NI being the maximum number of

iterations, is not sufficient to correct all k-error patterns. Under such a scenario, in order to allow the

algorithm to progress, one can increase the maximum number of iterations NI allowed for each decoder

in Dbase or consider a larger set of candidate decoders Dbase in the diversity selection algorithm. We
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used both these strategies in order to obtain a diversity set with t = 7 guaranteed error correction on the

case study presented in the next section.

V. CASE STUDY: GUARANTEED ERROR CORRECTION ON THE (N = 155,K = 62, Dmin = 20)

TANNER CODE

In this paper, we shall use the (N = 155,K = 62, Dmin = 20) Tanner code [11, 12], as an example

to illustrate how the concept of decoder diversity can be used to increase the guaranteed error-correction

capability of the code with reasonable complexity.

This code is a regular LDPC code with the column weight dv = 3, row weight dc = 5, and is a

particularly good test case for the following reasons. First, the difference between its minimum distance

dmin = 20 and its minimum pseudo-distance wminp ' 10 is very large, which means that the difference

in the error capability between standard iterative decoders (Gallager-B, min-sum, BP) and MLD from

one side and our diversity framework on the other is expected to be large. Another reason is that the

(N = 155,K = 62, dmin = 20) Tanner code is sufficiently small and structured (the code is quasi-cyclic

with bloc-cyclicity equal to 31) such that brute force search for uncorrectable patters can be used to

verify some claims by Monte Carlo simulations.

Table I shows the t-guaranteed error correction capability of the existing algorithms on the Tanner

code.

Table I

A t-GUARANTEED ERROR CORRECTION ON THE (N = 155,K = 62, Dmin = 20) TANNER CODE

t Algorithm Reference

3 Gallager A and Gallager B [19]

4 Min-Sum and Belief Propagation [7]

5 5-level and 6-level FAID [16]

We also found by simulations [21] that there are no 7-level FAID among the set of all possible decoders

that can guarantee a correction of more than t = 5 on this particular code. However, using the approach

of decoder diversity, we show that it is possible to increase the guaranteed error correction capability of

the code to t = 7 with an appropriate choice of the decoder diversity set.

As mentioned in the previous section, we only consider error patterns belonging to E [t](Λ(A,B)) where

A = 2t and B small enough. We verified by simulations that the value of B = 4 was sufficient to

determine the decoder diversity set D[t].
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For the case of the Tanner code, the structure of its Tanner graph satisfies certain structural properties

— apart from the block-cyclicity property which comes from the design based on circulants — which

allows further reduction in the number of error patterns considered. The different homomorphism groups

that the Tanner graph of this code follows are presented in [11], and are reported in this paper in the

Appendix B. Following notations of [11], the transformations σ, π, and ρ act on the indices of the variable

nodes and preserve the topological structures. The transformation σ comes from the quasi-cyclicity of

the code and allows then a constant reduction factor of L = 31 for all the TS topologies, while the other

transformations π and ρ can bring another factor of reduction, depending on the type and location of the

TS. The full enumeration of TS with a ≤ 14 and b ≤ 4 in presented in Table II. The first column of the

table gives the (a, b) parameters, and the second column indicates the TS cycle inventory of different

(a, b) TS types (the cycle inventory is omitted for the parameters that allow too many cycle-inventory

types). The last three columns show the numbers of TS that need to be checked by the Algorithm ?? when

the code automorphisms are exploited. σ(T ), corresponds to the naive approach which uses no knowledge

of the code structure. σ(T ) corresponds to knowledge of cyclic transformation σ, and σ(π(ρ(T ))) to all

three transformations σ, π and ρ. The small section of the table at the bottom shows the structure and

number of the lowest weight codewords of different types.

These trapping sets have been enumerated using the modified impulse algorithm, which is known as the

most efficient algorithm to find low-weight codewords or near-codewords of a given short length LDPC

code [14, 22]. When the number of types was too large, we did not indicate the details of the TS notation.

It is clear from the Table that the number of topologies which needs to be considered to characterize

the behavior of an iterative decoder on the Tanner code could be greatly reduced. Actually, the number

of structures (including isomorphic) of given type T present in the code could be either Ldc dv = 465,

Ldc = 155 or Ldv = 93 and this number is reduced for the analysis by the transformations σ(π(ρ(T ))).

The TS of type (5,3;83) is an example where there are Ldc = 155 such structures in the Tanner code ,

while (20,0)-type-III codewords is an example where there are Ldv = 93 such structures.

A. Error Sets for the Tanner Code

The error sets that we have considered for the Tanner code are shown in Table III. We have indicated

in this table the cardinalities of the error sets, which have been reduced by the structural properties σ,

π, and ρ of the Tanner code to:

|Ek(T )| =

 a

k

 Nσ(π(ρ(T ))). (18)
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Table II

TRAPPING SET SPECTRUM AND LOW-WEIGHT CODEWORDS SPECTRUM OF THE (N = 155,K = 62, Dmin = 20)

TANNER CODE

T TS-label NT Nσ(T ) Nσ(π(ρ(T )))

(5,3) (5,3;83) 155 15 1

(6,4) (6,4;81102) 930 30 2

(7,3) (7,3;83102142) 930 30 2

(8,2) (8,2;83104122144162) 465 15 1

(8,4) 4 types 5012 165 11

(8,4;83122162) 45 3

(8,4;81102122142) 15 1

(8,4;81103121141161) 90 6

(8,4;81104162) 15 1

(9,3) 3 types 1860 60 4

(9,3;81104124142162182) 15 1

(9,3;81105122142164) 30 2

(9,3;83102122144162182) 15 1

(10,2) 2 types 1395 45 3

(10,2;81106125144166185202) 15 1

(10,2;83105122146166182204) 30 2

(10,4) 27 types 29295 945 63

(11,3) 11 types 6200 200 14

(12,2) 2 types 930 30 2

(12,2;81106126146169189208227244) 15 1

(12,2;841021241441681812206228242) 15 1

(12,4) 170 types 196440 6240 416

(13,3) 53 types 34634 1155 79

T TS-label NT Nσ(T ) Nσ(π(ρ(T )))

(20,0) 3 types 1023 33 3

type-I 465 15 1

type-II 465 15 1

type-III 93 3 1

(22,0) 14 types 6200 200 14

(24,0) 97 types 43865 1415 97

where Nσ(π(ρ(T ))) is the value obtained from Table II.

One can further reduce the number of error patterns in each error set, since for example, a 5-error

pattern on one of the TS (9, 3) could be the same of one listed in the 5-error patterns in the TS (8, 2). In

order to limit at most the computational complexity of the decoder selection algorithm, we only put in

the error sets E [k](Λa,b) the error patterns which are distinct from all patterns in E [k](Λa′,b′) with a′ < a
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and b′ < b. The final number of error patterns considered is reported at the bottom of Table III, together

with the complexity reduction factor due to the use of E [t](Λ(A,B)) instead of E [t] in the decoder selection

algorithm. As we can see, the complexity reduction factor is in each case is of the order of 106, which

is very large and in any case sufficient to reduce the complexity of finding the decoder diversity set to

a reasonnable computational time.

Table III

CARDINALITIES OF ERROR SETS CONSIDERED FOR THE (N = 155,K = 62, Dmin = 20) TANNER CODE.

5-errors 6-errors 7-errors

E [5](Λ5,3) 1 1

E [5](Λ6,4) 12 12 E [6](Λ6,4) 2 2

E [5](Λ7,3) 36 23 E [6](Λ7,3) 14 11 E [7](Λ7,3) 2 2

E [5](Λ8,2) 56 20 E [6](Λ8,2) 28 15 E [7](Λ8,2) 8 6

E [5](Λ8,4) 510 398 E [6](Λ8,4) 308 240 E [7](Λ8,4) 88 79

E [5](Λ9,3) 448 100 E [6](Λ9,3) 336 110 E [7](Λ9,3) 144 72

E [6](Λ10,2) 630 416 E [7](Λ10,2) 360 277

E [6](Λ10,4) 13230 7860 E [7](Λ10,4) 7560 5421

E [6](Λ11,3) 6468 1980 E [7](Λ11,3) 4620 1894

E [7](Λ12,2) 1584 857

E [7](Λ12,4) 329472 187360

E [7](Λ13,3) 135564 31890

5-errors 6-errors 7-errors

E [5](Λ(9,4)) 554 E [6](Λ(11,4)) 11 829 E [7](Λ(13,4)) 227 858

E [5] 698 526 906 E [6] 17 463 172 650 E [7] 371 716 103 550

Comp. Reduction Factor Comp. Reduction Factor Comp. Reduction Factor

1 260 879 1 476 301 2 293 227

B. Error Correction Results for the Tanner Code

Let us recall that we consider only 7-level FAID which require only 3 bits of precision for their message

representation. Our main results can be summarized in the Table IV. Correcting all 7-error patterns on a

Tanner code requires using ND = 343 FAIDs with run for no more than NI = 120 iterations.

We were able to verify by brute force Monte Carlo simulations that each of the above diversity sets

guarantees a correction of all error patterns of weight atmost t (for t = 5, 6, 7) on the Tanner code even

though only error patterns in E [t](Λ(A,B))) were used in the algorithm, thus providing further evidence

to the validity of the conjecture stated in Section IV-B.

Due to the huge complexity reduction in the consideration of error sets (as shown out in Table III),

we were able to identify the decoder diversity set for t = 6 in less than one hour, and for t = 7 in a few
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Table IV

A t-GUARANTEED ERROR CORRECTION DIVERSITY SCHEMES ON THE (N = 155,K = 62, Dmin = 20) TANNER

CODE

t ND NI

5 1 15

6 9 50

7 243 120

days. Note that decoder diversity does not require any post-processing, as it is still an iterative message

passing decoder with the additional feature that the the variable node update rule Φv changes after NI

iterations (and the decoder is restarted). Nota also that additional complexity reduction can be achieved

by exploiting the similarity of the update rules of the decoders in the diversity set.

Now let us have a look at how the decoder diversity set behaves on different error sets. We have

reported in Table V-B the statistics of some FAID by computing the number of correctable error patterns

associated with each decoder. The FAID rules of these decoders are reported on Table VI in Appendix

B-A. The first part of the Table shows the values of
∣∣E [6](Λ(11,4))

∣∣, ∀Di ∈ D[6]. For convenience, we have

noted D[5] = {D0} and D[6] = D[5]
⋃
{D1, . . . ,D8}. Recalling that the total number of error patterns in

E [6](Λ(11,4)) is
∣∣E [6](Λ(11,4))

∣∣ = 11829, we can see that all decoders in D[6] are in fact almost equally

powerfull with respect to 6-error patterns. No decoder alone dominates the other decoders, but when

the ND = 9 decoders are combined in the decoder diversity framework, they — altogether — ensure

that all 6-error patterns are corrected. We also indicate the number of remaining error patterns after the

sequential use of each decoder.

Another example, also presented in Table V-B, shows how very specific decoders — that we call

“surgeon” decoders — are necessary to correct error events that could not be corrected with usual iterative

decoders. We took the example of the eight 7-error patterns concentrated in the smallest trapping set, i.e.

in the set E [7](Λ7,3) ∪ E [7](Λ8,2). For these eight error patterns, we had to rely on eight different FAID

(labeled D10 to D17 for convenience) to seperately correct the eight patterns. Moreover, in comparison

with the statistics obtained from the decoders belonging to D[6] on the 6-error patterns, these decoders

are not as strong as the first nine decoders D0 to D8. Five of them especially have very poor behaviors

on the 6-error events.

These two examples show clearly that in order to guarantee t error correction, the decoder diversity sets
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pave the sets of considered error patterns in very different manners. In short, for t = 6 error correction,

the decoder diversity set behaves roughly like in Figure Fig.2(a), while for t = 7 error correction, the

decoder diversity set behave more like in Figure Fig.2(b), using both powerful and surgeon decoders. In

order to be able to reproduce these results, we give in appendix B-A the decoders D0 to D8 and D10 to

D17 that we have identified.

Table V

STATISTICS ON THE ERROR CORRECTION OF SEVERAL FAID DECODER IN THE DIVERSITY SETS.

Decoder Di D0 D1 D2 D3 D4 D5 D6 D7 D8∣∣∣E [6](Λ(11,4))
∣∣∣ 11724 11779 11777 11782 11784 11770 11759 11623 11724

remaining errors 105 16 10 7 4 3 2 1 0

Decoder Di D10 D11 D12 D13 D14 D15 D16 D17∣∣∣E [7]Di
(Λ7,3) ∪ E [7]Di

(Λ8,2)
∣∣∣ 1 1 1 1 1 1 1 1∣∣∣E [6]Di

(Λ(11,4))
∣∣∣ 10781 110 83 208 10143 3726 164 321

Figure Fig.3 shows the FER performance of the decoder diversity set D[7], when simulated on the

Tanner code over the BSC channel with cross-over error probability α and with a maximum of NI = 120

decoding iterations for each decoder. One can see that — especially in the error floor region — increasing

the number of decoders increases the slope of the FER curve, and reaches eventually a slope of t = 8,

which corresponds to the minimal error-event which is not corrected by our approach of decoder diversity.

VI. CONCLUSION

[TO DO] BLA BLA BLA ... Comments on the results and application to other codes than the Tanner

Code.

APPENDIX A

PLANE PARTITIONS AND FAID RULES ENUMERATION

In this section, we establish the link between FAID rules and symmetric plane partitions. We then use

combinatorial results on plane partition enumeration to count the number of possible FAID algorithms.

We consider only the case of dv = 3.
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Figure 3. FER results on the Tanner Code with Guaranteed error correction of 7 errors.

A plane partition π is an array of nonnegative integers (πi,j)i≥1,j≥1 such that πi,j ≥ πi+1,j and

πi,j ≥ πi,j+1 for all i, j ≥ 1. If πi,j = 0 for all j > s, a plane partition is s-columned. If πi,j = 0 for all

i > r, it is r-rowed. If πi,j ≤ t, we say that the parts do not exceed t. An r-rowed, s-columned plane

partition whose parts do not exceed t is said to be contained in a box with sidelengths (r, s, t).

Consider the plane partition given by: π3,3 = 0, π3,2 = 0, π3,2 = 1, π2,3 = 0, π2,2 = 2, π2,1 = 2,

π1,3 = 1, π1,2 = 3, π1,1 = 3. The value πi,j is represented as a box of height πi,j positioned at (i, j)

coordinate on a horizontal plane. This plane partition is contained in the (3×3×3) box as shown in figure

Fig.4(a). Figure Fig.4(b) shows the actual plane partition for a 5-levels FAID rule that we have designed.

The box of height πi,j is positioned on the horizontal plane at the position (i, j). For convenience the

box walls corresponding to the planes i = 0 and j = 0 are shown. The figure (a) represents the case of

Example 1, and figure (b) represents an actual FAID rule with 5 levels.

A plane partition is symmetric if πi,j = πj,i. Since Φv(Mi,Mj ,−C) = lNs+1−i,Ns+1−j , the as-

signment lNs+1−i,Ns+1−j = MNs+1−(πi,j+1) establishes a bijection between a plane partitions con-
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(a) (b)

Figure 4. A vizualisation of the plane partition as stacked boxes.

tained in a (Ns × Ns × Ns − 1) box and an array li,j defining the update function Φv. Clearly,

since πi,j is non-increasing with both i and j, it follows that Φv(Li+1, Lj ,−C) ≥ Φv(Li, Lj ,−C)

and Φv(Li, Lj+1,−C) ≥ Φv(Li, Lj ,−C) for all 1 ≤ i, j ≤ Ns. The non-increasing property of plane

partitions matches the condition of lexicographic ordering defined by Equation 9.

Due to symmetry of the update functions, the corresponding plane partition is symmetric. In [34],

Kuperberg gave an elegant formula for the enumeration of symmetric plane partitions contained in a box

of dimensions (r, r, t). The number of symmetric plane partitions is given by:

N2(r, r, t) =
H2(2r + t+ 1)H1(r)H2(t)

H2(2r + 1)H1(r + t)
(19)

where Hk(n) = (n− k)! (n− 2k)! (n− 3k)! . . . is called the staggered hyperfactorial function.

Therefore, the total number of plane partitions contained in the (Ns ×Ns ×Ns − 1) box corresponds

to the total number of valid FAID rules for Φv, defined on Ns-levels. From Equation (19) this number

is given by:

N2(Ns, Ns, Ns − 1) =
H2(3Ns)H1(Ns)H2(Ns − 1)

H2(2Ns + 1)H1(2Ns − 1)
(20)

APPENDIX B

TOPOLOGIES OF THE TANNER CODE

As explained in [11], there are three types of homomorphisms which preserve the topological structures

in the graph of the Tanner code, due to the fact that Tanner’s design of the parity-check matrix is based

on an array of (dv, dc) circulants of size L, and that the values of shifts for the circulant matrices are

chosen from two multiplicative sub-groups of the Galois field GF(L). For easy understanding, we shall
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instead present the homorphisms as simple transformations acting on the indices of the variable nodes in

the code. Let α (respectively β) be two elements of GF(L) with multiplicative order dc (respectively dv).

The parity check matrix is defined by an array of circulants with shift orders {αtβr}0≤t≤dc−1,0≤r≤dv−1.

Now, let the index of a variable node vi be expressed as i = k ∗L+ l. We now define the three following

transformations acting on the indices of T that preserve the topology as well as the neighborhood of the

TS.

• block-cyclicity: Let σ : V × {0, . . . , L− 1} → V . Then

σ(vi, t) = vj where j = (k ∗ L) + (l + t mod (L))

• row-wise transformation: Let π : V × {0, . . . , dc − 1} → V . Then

π(vi, t) = vj where j = ((k + t mod (dc)) ∗ L) + (αtl mod (L))

• column-wise homomorphism: Let ρ : V × {0, . . . , dv − 1} → V . Then

ρ(vi, t) = vj where j = (k ∗ L) + (βtl mod (L))

Consider a trapping set of size a bits denoted by T = {vn1
, . . . , vna

}. By applying the transformation

σ on T such that σ(T, t) = {σ(vn1
, t), . . . , σ(vna

, t)} where t ∈ {0, . . . , L− 1}, the induced subgraphs

of σ(T, t) and T are isomorphic to each other in the code ∀t ∈ {0, . . . , L − 1}, i.e., they have exactly

the same topology and neighborhood. This implies that one has to only consider error patterns associated

with one of the isormorphic structures instead of all of them. The same applies for the transformations π

and ρ. By applying all three transformations σ(π(ρ(T))), the number of trapping sets of a certain type

T that need to be considered for the analysis of an iterative decoder is significantly reduced.

A. List of 7-level FAID used in the paper

In the Table VI, we list some of the FAID variable node rules with 7-levels that have been used in

this paper. We have only indicated the values of the indices in the alphabet M, and for the array entries

which cannot be deduced by symmetry (see section III for notations).

Remind the reader again what l1,1, l1,2, . . . , l1,7 are. Give the full table for D0 as an example.
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