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Abstract—We investigate the relation between the girth and the
guaranteed error correction capability of γ-left regular LDPC
codes. For column-weight-three codes, we give upper and lower
bounds on the number of errors correctable by the Gallager A
algorithm. For higher column weight codes, we find the number
of variable nodes which are guaranteed to expand by a factor
of at least 3γ/4, hence giving a lower bound on the guaranteed
correction capability under the bit flipping (serial and parallel)
algorithms. We also establish upper bounds by studying the sizes
of smallest possible trapping sets.
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I. I NTRODUCTION

Low-density parity-check (LDPC) codes [1] are a class of
capacity approaching codes under low complexity iterative
decoding algorithms [2]. Gallager showed in [1] that the
minimum distance of an LDPC code increase linearly with
the length of the code. Linear increase of the minimum
distance with the code length, however, does not guarantee the
correction of a linear fraction of errors under iterative decoding
algorithms. A similar statement can be made about guaranteed
correction of a fixed number of errors in a finite length code.

Work on guaranteed error correction capability of LDPC
codes started with Zyablov and Pinsker [3] who showed that
almost all codes in the regular ensemble withγ ≥ 5 can correct
a constant fraction of worst case errors under the bit flipping
algorithm. Siper and Spielman [4] showed that the bit flipping
algorithms, parallel and serial, can correct a fraction of errors
if the underlying Tanner graph is a good expander. They used
expander graphs, a method that is generalized by Burshtein
and Miller [5] who showed that message passing algorithms
can also correct a fixed fraction of worst case errors when the
degree of each variable node is more than five.

The main limitation of the above approaches is that ex-
pander arguments cannot be applied to codes with column-
weight smaller than five. Recently, Burshtein [6] developed
a new technique to investigate the error correction capability
of regular LDPC codes, and showed that at sufficiently large
block lengths, almost all codes with column weight four are
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also capable of correcting a fraction of errors under the parallel
bit flipping algorithm. He notes that for column-weight-three
codes such a result cannot be proved using the method from
[6]. The reason for this is that a non-negligible fraction of
codes have parallel edges in their Tanner graphs, and such
codes cannot correct a single worst case error.

Another limitation of the above approaches is that the
fraction of nodes having the required expansion is small,
requiring codes to have large length to guarantee correction
of a fixed number of errors. Determining the expansion of a
given graph is known to be non-deterministic polynomial-time
(NP) hard [7] and the spectral gap methods can only guarantee
an expansion factor of1/2 or less. While a random graph is a
good expander with high probability, no explicit construction
of codes having the required expansion is known. However
if expansion properties can be related to the parameters of
the Tanner graph, such as girth and column-weight, which
are known or can be easily determined, then the bounds on
guaranteed error correction capability can be establishedas a
function of these parameters. This is the general idea of our
approach as reviewed in this paper.

In [8], a stronger version of the statement by Burshtein
regarding the error correction capability of column-weight-
three LDPC codes was proved. By studying the smallest length
cycles in the Tanner graph of a code, it was shown in [8] that
an LDPC code whose Tanner graph has girthg ≥ 10 cannot
correct all error patterns up to weightg/2. As a consequence,
it was established that for anyα > 0, at sufficiently large
block lengthn, no code in theCn(3, ρ) ensemble can correct
a α fraction of errors. In [9], it was shown that a column-
weight-three LDPC code with Tanner graph of girthg ≥ 10
can correct all error patterns of weightg/2−1 or less under the
Gallager A algorithm, thereby showing that the upper bound
established in [8] is tight. For higher column weight codes,the
relation between the girth and the guaranteed error correction
capability of left regular LDPC codes when decoded using the
bit flipping algorithms was investigated in [10]. Specifically,
a lower bound on the size of variable node sets which expand
by a factor of at least3γ/4 was derived and the sizes of
smallest possible trapping sets were studied to establish an
upper bound on the guaranteed error correction capability.In
this review paper, we summarize the results from [8], [9],
[10] and provide an overview and intuition of methods used
to obtain these results.

The rest of the paper is organized as follows. In Section
II, we provide a brief introduction to LDPC codes, decoding
algorithms and trapping sets. In Section III, we consider the
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guaranteed error correction capability of column-weight three
codes. In Section IV, we derive the upper and lower bounds on
the guaranteed error correction capability of higher column-
weight LDPC codes. We conclude with a few remarks in
Section V.

II. PRELIMINARIES

A. Notations

A binary LDPC codeC is a linear block code which maps
a message block off information bits to a binaryn-tuple.
A graphical representationG = (V ∪ C,E) of C, also called
the Tanner graph [11], is a bipartite graph with two sets of
nodes:n variable (bit) nodesV = {1, 2, . . . , n} andm check
(constraint) nodesC = {1, 2, . . . ,m}; and a set of edgesE.
The check nodes (variable nodes resp.) connected to a variable
node (check node resp.) are referred to as its neighbors. A
check node is satisfied if the modulo two sum of its neighbors
is zero and unsatisfied otherwise. A vectorw = (w1w2 . . . wn)
is a codeword if and only if all the check nodes are satisfied.
The support ofw, denoted as supp(w), is defined as the set
of all variable nodes (bits)v ∈ V such thatwv 6= 0. The
adjacency matrix ofG gives H, a parity-check matrix ofC.
The degreeχ(u) of a nodeu ∈ V ∪ C is the number of its
neighbors. A node with degree one is called a leaf or a pendant
node. A (γ, ρ) regular LDPC codeC has a Tanner graphG in
which all variable nodes have degreeγ, and all check nodes
have degreeρ. This code has rater > 1 − γ/ρ [11]. The
degree of a variable node (check node resp.) is also referred
to as the left degree (right degree resp.) or the column weight
(row weight resp.).

The length of the shortest cycle in the graphG is called the
girth g of G. The girth of a bipartite graph is even. An edge
e is an unordered pair{v, c} of a variable nodev and a check
nodec and is said to be incident onv andc. A directed edge
~e is an ordered pair(v, c) or (c, v) corresponding to the edge
e = {v, c}. With a moderate abuse of notation, we denote
directed edges by simple letters (without arrows) but specify
the direction. For a given nodeu, the neighborhood of depth
d, denoted byN d

u , is the induced subgraph consisting of all
nodes reached and edges traversed by paths of length at most
d starting fromu (includingu). The directed neighborhood of
depthd of a directed edgee = (v, c) denoted byN d

e , is defined
as the induced subgraph containing all edges and nodes on all
pathse1, . . . , ed starting fromv such thate1 6= e (see [2] for
definitions and notation). In a Tanner graph with girthg, we
note thatN t

u is a tree whent ≤ g/2 − 1. Also, if e1 = (v, c)
and e2 = (c, v), then N i

e1
∩ N j

e2
= φ for i + j < g − 1.

Let k denote the number of independent iterations as defined
in [1]. The original value of a variable node is its value in
the transmitted codeword. We say a variable node is good
if its received value is equal to its original value and bad
otherwise. A message is said to be correct if it is equal to the
original value of the corresponding variable node and incorrect
otherwise. In this paper,◦ denotes a good variable node,•
denotes a bad variable node and� denotes a check node. For
output symmetric channels (see [2]), without loss of generality,
we can assume that the all zero codeword is transmitted. We

make this assumption throughout the paper. Hence, a bad
variable node has received value1 and an incorrect message
has a value of1. A configuration of bad variable nodes is
a subgraph in which the location of bad variables relative to
each other is specified. Additionally, for column-weight-three
codes, a valid configurationCg is a configuration of at most
g/2−1 bad variable nodes free of cycles of length less thang.
The set of bad variable nodes inN d

e is denoted byB(N d
e ) and

|B(N d
e )| is denoted byB(N d

e ). The number of bad variable
nodes at depthd in N d

e is denoted bybd
e .

B. Decoding Algorithms

LDPC codes can be decoded with low complexity iterative
algorithms. In this paper, we consider transmission over the
binary symmetric channel (BSC). We define“flipping” as the
event of a bit changing its value from “0” to “1” or vice versa.
The BSC with transition probabilityp flips a transmitted bit
with probability p.

On the BSC, LDPC codes can be decoded with a simple
hard decision decoding algorithm known as the parralel bit
flipping algorithm, which is defined as below.

Parallel Bit Flipping Algorithm
• In parallel, flip the variable nodes that connect to more

unsatisfied than satisfied neighbors.
• Repeat until no such variable node remains.
The parallel bit flipping algorithm is iterative in nature but

does not belong to the class of message passing algorithms
(see [5] for more details). Gallager in [1] proposed two simple
binary message passing algorithms for decoding over the BSC,
Gallager A and Gallager B. We shall first describe the Gallager
B algorithm and then describe the Gallager A algorithm as a
special case of the Gallager B algorithm.

Gallager B Algorithm
The Gallager B algorithm on the BSC operates by passing

the messages along the edges of the Tanner graph of an LDPC
code. Every round of message passing (iteration) starts with
sending messages from variable nodes and ends by sending
messages from check nodes to variable nodes. Assume that the
decoder performsD iterations. Lety = (y1y2 . . . yn) be the
input to the decoder and letxl = (xl

1x
l
2 . . . xl

n), l ≤ D be the
output vector at thelth iteration. Letωj(v, c) denote the mes-
sage passed by a variable nodev to its neighboring check node
c in jth iteration and̟ j(c, v) denote the message passed by a
check nodec to its neighboring variable nodev. Additionally,
let ωj(v, : ) denote the set of all messages fromv, ωj(v, : \c)
denote the set of messages fromv to all its neighbors except to
c andωj( : , c) denote the set of all messages toc. The terms
ωj( : \v, c),̟j(c, : ),̟j(c, : \v),̟j( : , v) and ̟j( : \c, v)
are defined similarly. A thresholdbv,j is determined for every
iterationj and the degree of variable nodev. The Gallager B
algorithm can then be defined as follows.

ωj(v, c) =







yv, if j = 1
κ, if |{c′|c′ 6= c,̟j−1(c

′, v) = κ}| ≥ bv,j

yv, otherwise

̟j(c, v) =





∑

κj∈ωj( : \v,c)

κj



 mod 2
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whereκ ∈ {0, 1}.
At the end of each iteration, an estimate of each variable

node is made based on the incoming messages and possibly
the received value. In this paper, we assume that the estimate
of a variable node is taken to be the majority of the incoming
messages (see [8] for details). The decoder is run until a valid
codeword is found or the maximum number of iterationsD
is reached, whichever is earlier. The output of the decoder is
either a codeword orxD.

The Gallager A algorithm can be obtained from the Gallager
B algorithm by setting the thresholdbj,v = χ(v)− 1 for all j.

C. Decoding Failure and Trapping Sets

As mentioned above, we assume that the all zero codeword
is transmitted. Consider a LDPC code of lengthn. A variable
nodev is said to beeventually correctif there exists a positive
integerq such that for alll ≥ q, v /∈ supp(xl).

Definition 1: A decoder failure is said to have occurred if
there does not existl ≤ D such that supp(xl) = ∅.

Definition 2: Let T(y) denote the set of variable nodes that
are not eventually correct. IfT(y) 6= ∅, let a = |T(y)| and
b be the number of odd degree check nodes in the sub-graph
induced byT(y). We sayT(y) is an (a, b) trapping set.

Definition 3: Let T be a trapping set and letY(T ) =
{y|T(y) = T }. The critical numberξ of trapping setT is
the minimal number of variable nodes that have to be initially
in error for the decoder to end up in the trapping setT , i.e.
ξ = min

Y(T )
|supp(y)|.

Definition 4: Let T be a trapping set. IfT(y) = T then
supp(y) is a failure set ofT .

Definition 5: For transmission over a BSC,y is a fixed
point of the decoding algorithm if supp(y) = supp(xl) for
all l.

It follows that for transmission over the BSC, ify is a fixed
point thenT(y) = supp(y) is a trapping set.

III. C OLUMN WEIGHT THREE CODES

In this section, we give the upper and lower bounds on
the number of errors correctable by an iterative decoder for
column-weight-three binary LDPC codes. We focus on the
message passing decoding algorithms, specifically Gallager A
and Gallager B, which are the same for column-weight-three
codes and hence will be referred to as Gallager A algorithm.
The problem of determining the guaranteed error correction
capability of column-weight-three LDPC codes under the bit
flipping algorithms is simpler and can be solved in a similar
procedure.

A. The Upper Bound

We obtain the upper bound by showing that for any given
α > 0, at sufficiently large block lengthsn, no code in the
Cn(3, ρ) ensemble can correct allαn or fewer errors under the
Gallager A algorithm. We point out that this also holds for the
bit flipping algorithm. The following theorem gives sufficient
conditions for a set of variable nodes to be a trapping set of
column-weight-three LDPC codes.

Theorem 1:Let C be a code in the ensemble of(3, ρ)
regular LDPC codes. LetT be a set consisting ofV variable
nodes with induced subgraphI. Let the checks inI be
partitioned into two disjoint subsets;O consisting of checks
with odd degree andE consisting of checks with even degree.
Let |O| = C and |E| = S. y is a fixed point if : (a)
supp(y) = T and (b) Every variable node inI is connected
to at least two checks inE and (c) No two checks ofO are
connected to a variable node outsideI.

Proof: See [8].
We proceed by stating the following lemmas. The proof

for Lemma 1 can be found in [6]. Note that this proof is
for bit flipping algorithms, but also applies to the GallagerA
algorithm. We give the proof of the last statement in Lemma
2. The proofs for the other statements are given in [8].

Lemma 1: [6] A code whose Tanner graph has parallel
edges cannot correct a single worst case error.

Lemma 2:Let C be an(n, 3, ρ) regular LDPC code with
girth g. Then the following holds:

• if g = 4 thenC has at least one failure set of size two or
three.

• if g = 6 thenC has at least one failure set of size three
or four.

• if g = 8 then C has at least one failure set of size four
or five.

• if g ≥ 10 then the set of g/2 variable nodes
{v1, v2, . . . , vg/2} involved in the shortest cycle is the
support of a fixed point.

Proof: Since C has girth g, there is at least one cy-
cle of length g. Without loss of generality, assume that
{v1, v2, . . . , vg/2} form a cycle of minimum length as shown
in Fig.1. Let the even degree checks beE = {c1, c2, . . . , cg/2}
and the odd degree checks beO = {cg/2+1, cg/2+2, . . . , cg}.
Note that each variable node is connected to two checks from
E and one check fromO and cg/2+i is connected tovi. We
claim that no two checks fromO can be connected to a
common variable node.

The proof is by contradiction. Assumeci andcj (g/2+1 ≤
i < j ≤ g) are connected to a variable nodevij . Then
{vi, . . . , vj , vij} form a cycle of length2(j − i + 2) and
{vj , . . . vg/2, v1, . . . , vi, vij} form a cycle of length2(g/2 −
j + i + 2). Sinceg ≥ 10,

min(2(j − i + 2), 2(g/2 − j + i + 2)) < g.

This implies that there is a cycle of length less thang, which
is a contradiction as the girth of the graph isg.

By Theorem 1,{v1, v2, . . . , vg/2} is the support of a fixed
point.

Remarks:Theorem 1 can be extended for the bit flipping
algorithms as can be seen in Section IV-C. It follows that
for column-weight-three LDPC codes, a trapping set under
the Gallager A algorithm is also a trapping set under the bit
flipping algorithms.

B. The Lower Bound

We show that a column-weight-three LDPC code with
Tanner graph of girthg ≥ 10 can correct all error patterns
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Fig. 1. Illustration of a cycle of lengthg

of weight g/2 − 1 or less under the Gallager A algorithm.
Equivalently, there are no trapping sets with critical number
less thang/2. In the following subsection, we give a detailed
analysis of the Gallager A algorithm in the firstk iterations.

1) The firstk iterations: The following lemma describes
the messages passed by the Gallager A algorithm in a column-
weight-three code.

Lemma 3: (i) If v is a bad variable node, then we have
ω1(v, :) = {1} and

• ωj(v, :) = {1} if |̟j−1(:, v) = 1| ≥ 2, i.e., v sends
incorrect messages to all its neighbors if it receives two
or more incorrect messages from its neighboring checks
in the previous iteration.

• ωj(v, : \c) = {1} and ωj(v, c) = 0 if ̟j−1(: \c, v) =
{0} and̟j−1(c, v) = 1, i.e.,v sends one correct message
and two incorrect messages if it receives one incorrect
message from its neighboring checks in the previous
iteration. The correct message is sent along the edge on
which the incorrect message is received.

• ωj(v, :) = {0} if ̟j−1(:, v) = {0}, i.e., v sends all
correct messages if it receives all correct messages from
its neighboring checks in the previous iteration.

(ii) If v is a good variable node, then we haveω1(v, :) = {0}
and

• ωj(v, :) = {0} if |̟j−1(:, v) = 0| ≥ 2, i.e., v sends
all correct messages if it receives two or more correct
messages from its neighboring checks in the previous
iteration.

• ωj(v, : \c) = {0} and ωj(v, c) = 1 if ̟j−1(: \c, v) =
{1} and ̟j−1(c, v) = 0, i.e., v sends one incorrect
message and two correct messages if it receives two
incorrect messages from its neighboring checks in the
previous iteration. The incorrect message is sent along
the edge on which the correct message is received.

• ωj(v, :) = {1}, if ̟j−1(:, v) = {1}, i.e., v sends all
incorrect messages if it receives all incorrect messages
from its neighboring checks in the previous iteration.

(iii) For a check nodec, we have,
• ̟j(c, v) = ωj(v, c) ⊕ 1, if |ωj(:, c) = 1| is odd, i.e.,c

sends incorrect messages along the edges on which it
received correct messages and correct messages along
the edges on which it received incorrect messages, if
the total number of incoming incorrect messages from
its neighboring variable nodes is odd.

• ̟j(c, v) = ωj(v, c), if |ωj(:, c) = 1| is even, i.e.,c
sends incorrect messages along the edges on which it
received incorrect messages and correct messages along
the edges on which it received correct messages, if the

total number of incoming incorrect messages from its
neighboring variable nodes is even.

(iv) A variable node is estimated incorrectly at the end of
an iteration if it receives at least two incorrect messages.

Proof: Follows from the description of the Gallager A
algorithm.

Now let v be a variable node which sends an incorrect
message along the edgee = (v, c) in the (k + 1)th iteration.
The message alonge depends only on the variable nodes and
check nodes inN 2k

e . Under the assumption thatN 2k
e is a

tree, the above observations provide a method to find all the
possible configurations of bad variable nodes inN 2k

e . We have
the following two cases:

(a) v is a bad variable node: In this case, there must be
at least one variable node inN 2

e which sends an incorrect
message in thekth iteration.

(b) v is a good variable node: In this case, there must be
at least two variable nodes inN 2

e which send an incorrect
message in thekth iteration.

This is repeatedk times until we reach the first iteration, at
which point only the nodes and edges inN 2k

e would have been
explored and all of these are guaranteed to be distinct asN 2k

e

is a tree. Since only bad variables send incorrect messages in
the first iteration, we can calculate the number of bad variables
in each configuration. Specifically, letv be a variable node
which sends an incorrect message alonge = (v, c) in the
second iteration. Ifv is a good variable node, thenN 2

e must
have at least two bad variable nodes. Ifv is bad,N 2

e must
have at least one bad variable node. Following this approach,
we have Fig. 2(a), Fig. 2(b) and Fig. 2(c) which show the
possible configurations of bad variable nodes inN 2k

e so that
v sends an incorrect message in the(k + 1)th iteration, for
k = 1, k = 2 andk = 3, respectively.

Remarks:(i) Fig. 2 shows configurations with at most2k+1
bad variable nodes.
(ii) We do not illustrate configurations in which a bad variable
node receives two incorrect messages in thekth iteration, so
that it sends an incorrect message in the(k + 1)th iteration.
However, all such configurations can be found by considering
configurations involving good variable nodes and converting a
good variable node to a bad one. This increases the number of
bad variable nodes in the configuration. As will be seen later,
such configurations are not relevant for establishing our main
result.

The above observations help establish bounds onB(N 2k
e ),

which we state in the following lemma.
Lemma 4: (i) If v is a bad variable node sending an

incorrect message one = (v, c) in the (k + 1)th iteration and
N 2k

e is a tree, thenB(N 2k
e ) ≥ k + 1. If B(N 2k−2

e ) = 1, i.e.,
bd
e = 0 for d = 2, 4, . . . , 2(k−1), thenB(N 2k

e ) ≥ 2(k−1) +1.
If B(N 2k−2

e ) = 2, thenB(N 2k
e ) ≥ 2(k−2) + 2.

(ii) If v is a good variable node sending an incorrect message
on e = (v, c) in the (k + 1)th iteration andN 2k

e is a tree,
then B(N 2k

e ) ≥ 2k. If B(N 2k−2
e ) = 0, thenB(N 2k

e ) ≥ 2k.
If B(N 2k−2

e ) = 1, then B(N 2k
e ) ≥ 2(k−1) + 2(k−2) + 1. If

B(N 2k−2
e ) = 2, thenB(N 2k

e ) ≥ 2(k−1) + 2.
Proof: See [9]
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(a) (b)

(c)

Fig. 2. Possible configurations of at most2k + 1 bad variable nodes in the neighborhood of a variable nodev sending an incorrect message to check node
c in the (k + 1)th iteration for (a)k = 1, (b) k = 2 and (c)k = 3.

2) The main theorem:

Theorem 2:A column-weight-three code with Tanner graph
of girth g ≥ 10 can correctg/2− 1 errors ing/2 iterations of
the Gallager A algorithm

Proof: The proof proceeds by finding, for a particular
choice ofk, all configurations ofg/2− 1 or less bad variable
nodes which do not converge ink + 1 iterations and then
prove that these configurations also converge in subsequent
iterations. Wheng/2 is even, we usek = g/4−1 (or g/2−1 =
2k + 1) and wheng/2 is odd, we usek = (g − 2)/4 (or
g/2 − 1 = 2k). We give an overview of the proof wheng/2
is even. The proof for oddg/2 can be found in [9].

Let v0 be a variable node which receives two incorrect
messages along the edgese1 = (c1

1, v0) and e2 = (c2
1, v0)

at the end of(k + 1)th iteration. This implies thatN1
e1

and

N1
e2

each has a variable node,v1
2 and v2

2 respectively, that
sends an incorrect message in the(k + 1)th iteration to check
nodesc1

1 andc2
1, respectively. Lete3 = (v1

2 , c1
1), e4 = (v2

2 , c2
1),

e5 = (c1
1, v

1
2), and e6 = (c2

1, v
2
2) (see Fig. 3(a) for an

illustration). All possible configurations of bad variablenodes
in N 2k

e3
andN 2k

e4
can be determined using the method outlined

in Section III-B1. Since there exists a path of length3 between
v2
2 and c1

1, we haveN i
e4

⊂ N i+3
e5

. Also, N i
e3

∩ N j
e5

= φ for
i+j < g−1 = 4k+3. Therefore,N i

e3
∩N j

e4
= φ for i+j < 4k.

This implies thatN 2k
e3

andN 2k
e4

can have a common node only
at depth2k. The total number of bad variable nodes inN 2k

e3
∪

N 2k
e4

, B(N 2k
e3

∪N 2k
e4

), in any configuration is therefore lower
bounded byB(N 2k−2

e3
)+B(N 2k−2

e4
)+max(b2k

e3
, b2k

e4
) or equiv-

alently max
(

B(N 2k−2
e3

) + B(N 2k
e4

), B(N 2k
e3

) + B(N 2k−2
e4

)
)

.
We are interested only in the valid configurations, i.e., at most
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(a) (b) (c)

Fig. 3. Configurations of at most7 bad variable nodes, free of cycles of
length less than16, which do not converge in4 iterations.

g/2 − 1 bad variable nodes, free from cycles of length less
thang. We divide the discussion into three parts: (1) we find
all the possible valid configurations for the case wheng = 16;
(2) we then proceed iteratively forg > 16; (3) We consider
the caseg = 12 separately as the arguments forg ≥ 16 do
not hold for this case.

Case 1:g = 16.
Let v be a variable node which sends an incorrect message

in the iterationk + 1 = g/4 = 4 along edgee = (v, c), given
that there are at most seven bad variables andN 7

e is a tree.
Fig. 2(c) illustrates different configurations of bad variable
nodes inN 6

e . As remarked earlier, Fig. 2(c) does not show
configurations in which a bad variable node has to receive
two incorrect messages in an iteration to send an incorrect
message along the third edge in the next iteration. It can be
seen in the proof of Theorem 4 that these cases do not arise
in valid configurations.

Let v0, v
1
2 , v2

2 , e1, e2, e3, e4 be defined as above withk = 3.
Using the arguments outlined above (and the constraint that
g = 16), all possible configurations such thatB(N 2k

e3
∪N 2k

e4
) ≤

7 can be found. Fig. 3 shows all such possible configurations.
Case 2:g ≥ 20.
Let Cg be a valid configuration in which there exists a

variable nodev0 which receives two incorrect messages along
the edgese1 = (c1

1, v0) and e2 = (c2
1, v0) at the end of the

(k + 1)th iteration. This implies thatN 1
e1

andN 1
e2

each has a
variable node,v1

2 andv2
2 , respectively, that sends an incorrect

message in the(k + 1)th iteration. We have the following
lemma.

Lemma 5:v1
2 andv2

2 are bad variable nodes.
Proof: See [9]

We now have the following theorem. Their proofs are given
in [9].

Theorem 3:If Cg is a configuration which does not con-
verge in (k + 1) iterations, then there exists a configuration
Cg−4 which does not converge ink iterations.

Theorem 3 gives a method to construct valid configurations
of bad variable nodes for girthg from valid configurations for
girth g + 4. Also, if C1

g andC2
g are two distinct valid config-

urations, then the configurationsC1
g−4 and C2

g−4 constructed
from C1

g andC2
g , respectively, are distinct. Hence, the number

of valid configurations for girthg is greater than or equal to

the number of valid configurations for girthg + 4. Note that
the converse of Theorem 3 is not true in general. However,
for g ≥ 16, we will show in Theorem 4 that any configuration
for girth g can be extended to a configuration for girthg + 4.

Theorem 4:For g/2 even andk ≥ 3, there are only
three valid configurations which do not converge in(k + 1)
iterations.
Remark:In all valid configurationsCg with g ≥ 16, no bad
variable node receives two incorrect messages at the end of
the (k + 1)th iteration.

Theorem 5:All valid configurationsCg converge to a code-
word in g/2 iterations.

Case 3:g = 12. See [9].

IV. COLUMN WEIGHT FOUR CODES AND HIGHER

A. Expansion and Error Correction Capability

Sipser and Spielman [4] analyzed the performance of the
bit flipping algorithms using the expansion properties of the
underlying Tanner graph of the code. We summarize the results
from [4] below for the sake of completeness. We start with
the following definitions from [4].

Definition 6: Let G = (U,E) with |U | = n1. Then every
set of at mostm1 nodes expands by a factor ofδ if, for all
setsS ⊂ U

|S| ≤ m1 ⇒ |{y : ∃x ∈ S such that(x, y) ∈ E}| > δ|S|.

We consider bipartite graphs and expansion of variable nodes
only.

Definition 7: A graph is a(γ, ρ, α, δ) expander if it is a
(γ, ρ) regular bipartite graph in which every subset of at most
α fraction of the variable nodes expands by a factor of at least
δ.
The following theorem from [4] relates the expansion and error
correction capability of an(n, γ, ρ) LDPC code with Tanner
graphG when decoded using the parallel bit flipping decoding
algorithm.

Theorem 6:[4, Theorem 11] LetG be a (γ, ρ, α, (3/4 +
ǫ)γ) expander overn variable nodes, for anyǫ > 0. Then,
the simple parallel decoding algorithm will correct anyα0 <
α(1 + 4ǫ)/2 fraction of errors afterlog1−4ǫ(α0n) decoding
rounds.
Notes:

1) The serial bit flipping algorithm can also correctα0 <
α/2 fraction of errors ifG is a (γ, ρ, α, (3/4)γ) ex-
pander.

2) The results hold for any left regular code as expansion
is needed for variable nodes only.

From the above discussion, it is observed that finding the
number of variable nodes which are guaranteed to expand by a
factor of at least3γ/4, gives a lower bound on the guaranteed
error correction capability of LDPC codes.

B. Column Weight, Girth and Expansion

In this section, we prove our main theorem which relates
the column weight and girth of a code to its error correction
capability. We show that the size of variable node sets which
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have the required expansion is related to the well known
Moore bound [12, p.180]. We start with a few definitions
required to establish the main theorem.

Definition 8: The reduced graphHr = (V ∪ Cr, E
′
r) of

H = (V ∪C,E′) is a graph with vertex setV ∪Cr and edge
setE′

r given by

Cr = C \ Cp, Cp = {c ∈ C : c is a pendant node}

E′
r = E′ \ E′

p, E′
p = {(vi, cj) ∈ E : cj ∈ Cp}.

TheMoore bound[12, p.180] denoted byn0(χ, g) is a lower
bound on the least number of vertices in aχ-regular graph with
girth g. It is given by

n0(χ, g) = n0(χ, 2r + 1) = 1 + χ
r−1
∑

i=0

(χ − 1)i, g odd

n0(χ, g) = n0(χ, 2r) = 2

r−1
∑

i=0

(χ − 1)i, g even.

In [13], it was shown that a similar bound holds for irregular
graphs.

Theorem 7:[13] The number of nodesn(χ, g) in a graph
of girth g and average degree at leastχ ≥ 2 satisfies

n(χ, g) ≥ n0(χ, g).

Note thatχ need not be an integer in the above theorem.
We now state and prove the main theorem.
Theorem 8:Let G be aγ-left regular Tanner graphG with

γ ≥ 4 andg(G) = 2g′. Then for allk < n0(γ/2, g′), any set
of k variable nodes inG expands by a factor of at least3γ/4.

Proof: Let Gk = (V k ∪ Ck, Ek) denote the subgraph
induced by a set ofk variable nodesV k. SinceG is γ-left
regular,|Ek| = γk. Let Gk

r = (V k ∪ Ck
r , Ek

r ) be the reduced
graph. We have

|Ck| = |Ck
r | + |Ck

p |

|Ek| = |Ek
p | + |Ek

r |

|Ek
p | = |Ck

p |

|Ck
p | = γk − |Ek

r |.

We need to prove that|Ck| > 3γk/4.
Let f(k, g′) denote the maximum number of edges in an

arbitrary graph of orderk and girthg′. By Theorem 2, for all
k < n0(γ/2, g′), the average degree of a graph withk nodes
and girthg′ is less thanγ/2. Hence,f(k, g′) < γk/4. We now
have the following lemmas. Their proofs are given in [10].

Lemma 6:The number of edges inGk
r cannot exceed

2f(k, g′) i.e.,
|Ek

r | ≤ 2f(k, g′).

We now find a lower bound on|Ck| in terms off(k, g′).
Lemma 7: |Ck| ≥ γk − f(k, g′).

The theorem now follows as

f(k, g′) < γk/4

and therefore
|Ck| > 3γk/4.

Corollary 1: Let C be an LDPC code with column-weight
γ ≥ 4 and girth2g′. Then the bit flipping algorithm can correct
any error pattern of weight less thann0(γ/2, g′)/2.

C. Cage Graphs and Trapping Sets

In this section, we first give necessary and sufficient condi-
tions for a given set of variables to be a trapping set. We then
state the definition of a class of interesting graphs known as
cage graphs [14] and establish a relation between cage graphs
and trapping sets. We then give an upper bound on the error
correction capability based on the sizes of cage graphs.

Theorem 9:Let C be an LDPC code withγ-left regular
Tanner graphG. Let T be a set consisting ofV variable nodes
with induced subgraphI. Let the checks inI be partitioned
into two disjoint subsets;O consisting of checks with odd
degree andE consisting of checks with even degree.y is a
fixed point if : (a) supp(y) = T and (b) Every variable node
in I has at least⌈γ/2⌉ neighbors inE , and (c) No⌊γ/2⌋+ 1
checks ofO share a neighbor outsideI.

Proof: See [10]
Remark:Theorem 9 is a consequence of Fact 3 from [15].
To determine whether a given set of variables is a trapping

set, it is necessary to not only know the induced subgraph
but also the neighbors of the odd degree checks. However, in
order to establish general bounds on the sizes of trapping sets
given only the column weight and the girth, we consider only
condition (b) of Theorem 9 which is a necessary condition.
A set of variable nodes satisfying condition (b) is known as
a potential trapping set. A trapping set is a potential trapping
set that satisfies condition (c). Hence, a lower bound on the
size of the potential trapping set is a lower bound on the size
of a trapping set. It is worth noting that a potential trapping
set can always be extended to a trapping set by successively
adding a variable node till condition (c) is satisfied.

Definition 9: [14] A (χ, g)-cage graph, G(χ, g), is a χ-
regular graph with girthg having the minimum possible
number of nodes.
A lower bound,nl(χ, g), on the number of nodesnc(χ, g) in
a (χ, g)-cage graph is given by the Moore bound. An upper
boundnu(χ, g) on nc(χ, g) (see [14] and references therein)
is given by

nu(3, g) =

{

4
3 + 29

12 2g−2 for g odd
2
3 + 29

12 2g−2 for g even

nu(χ, g) =

{

2(χ − 1)g−2 for g odd
4(χ − 1)g−3 for g even

.

Theorem 10:Let C be an LDPC code withγ-left regular
Tanner graphG and girth2g′. Let |T (γ, 2g′)| denote the size
of smallest possible potential trapping set ofC for the bit
flipping algorithm. Then,

|T (γ, 2g′)| = nc(⌈γ/2⌉ , g′).

Proof: See [10]
Theorem 11:There exists a codeC with γ-left regular

Tanner graph of girth2g′ which fails to correctnc(⌈γ/2⌉ , g′)
errors.

Proof: See [10]
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Remark:We note that forγ = 3 and γ = 4, the above
bound is tight. Observe that forχ = 2, the Moore bound is
n0(χ, g) = g and that a cycle of length2g with g variable
nodes is always a potential trapping set. In fact, for a code
with γ = 3 or 4, and Tanner graph of girth greater than eight,
a cycle of the smallest length is always a trapping set (see [8]
for the proof).

V. SUMMARY

In this paper, we have reviewed relations between the girth
and error correction capability of LDPC codes. Specifically,
we have given the best possible upper and lower bounds on
the number of errors correctable by a Gallager A decoder.
Clearly, the error correction capability grows only linearly in
the girth for column-weight-three codes. For higher column
weight LDPC codes, we have given a lower bound on the
guaranteed error correction capability by finding bounds on
the number of nodes that have the required expansion. We
also studied the sizes of the smallest possible trapping sets to
establish an upper bound.
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