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Abstract—In this paper we give an overview of current
results in iterative reconstruction of sparse signals using parity
check matrices of low-density parity check (LDPC) codes as
measurement matrices in compressed sensing. We provide a
detailed explanation of two iterative reconstruction algorithms,
Interval Passing (IP) algorithm and verification algorithm. We
then compare their performance using parity check matrices
of quasi-cyclic low-density parity check (QC-LDPC) codes with
different column-weights and rates.

Index Terms—compressed sensing, iterative reconstruction al-
gorithm, low-density parity check codes.

I. INTRODUCTION

Compressed Sensing (CS) is a relatively new field in signal

processing which concerns the recovery of a sparse high

dimension signal x ∈ R
n from a small set of measurements

y = Ax ∈ R
m where Am×n is the measurement matrix and

m ≪ n [1], [2]. Finding the sparsest signal satisfying y = Ax
(l0-norm minimization) is NP-hard. To solve this problem,

different algorithms including Linear Programing (LP) tech-

niques and iterative reconstruction algorithms were proposed.

LP techniques provide a l1-norm minimization solution for

reconstruction of x and show a remarkable performance.

However, their cubic complexity in n makes them impractical

in some applications in which fast reconstruction is needed

or in which the dimension of the measurement matrix A is

large. A class of iterative reconstruction algorithms including

Orthogonal Matching Pursuit (OMP) [3] and Stage-wise Or-

thogonal Matching Pursuit (StOMP) [4] were introduced to re-

construct x. StOMP is much faster than both OMP and LP and

consequently is more convenient in large-scale problems. The

work by Dimakis et al. [5] showed that a good parity check

matrix of a binary low-density parity check (LDPC) code

[6] is a good zero-one measurement matrix for compressed

sensing under LP. With this connection between channel cod-

ing and compressed sensing, different iterative reconstruction

algorithms for compressed sensing based on message passing

algorithms of LDPC codes were introduced. Sarvotham et al.

[7] introduced an iterative algorithm called CS-LDPC based

on Belief Propagation (BP) algorithm and using LDPC-like

measurement matrices with entries in {−1, 0, 1} to reconstruct

approximately sparse signals.

Two iterative reconstruction algorithms, Approximate Mes-

sage Passing (AMP) by Donoho et al. [8] and the verification

decoding algorithm by Zhang and Pfister [9] have the flavor

of the bit flipping algorithm.

A simple message passing algorithm was introduced by

Chander et al. [10] for reconstruction of non-negative real

signals x. This algorithm, which is called Interval Passing

(IP) algorithm and was later modified by Krishnan et al.

[11], has low-complexity and running time and exhibits a

good performance for reconstruction of non-negative sparse

signals.

In this paper, we consider the recovery of non-negative real

signals with two iterative reconstruction algorithms, IP and

verification decoding algorithms and provide some simulation

results to compare the performance of these reconstruction

algorithms. In Section II, we give a brief review on compressed

sensing reconstruction algorithms. In Section III, we compare

the performance of IP and verification decoding algorithms

using the parity check matrices of QC-LDPC codes. Section

IV provides possible directions for future work.

II. PRELIMINARIES AND PRIOR WORK

In this section, we first give a brief introduction on com-

pressed sensing problem and provide a review on CS recon-

struction algorithms.

A. Compressed Sensing

Let x ∈ R
n be an n-dimension k-sparse signal i.e. a

signal with at most k non-zero elements and let Am×n be

the measurement matrix. Compressed sensing concerns with

the recovery of x from measurements y = Ax ∈ R
m where

m ≪ n and k ≪ n. The first approach to recover x from

the measurements y, is to find a k-sparse signal from all
(

n

k

)

possible signals which is an NP-hard problem. Instead, a

linear programming technique, called Basis Pursuit, provides

a minimum l1-norm for x. Candes et al. [12] showed that if

the measurement matrix A satisfies the Restricted Isometry

Property (RIP), Basis Pursuit can recover a sufficiently sparse

signals.



A matrix A is said to satisfy the RIP, if for every ω ∈ R
n

such that ‖ ω ‖0≤ k,

(1− c) ‖ ω ‖22 ≤ ‖ Aω ‖22 ≤ (1 + c) ‖ ω ‖22

for some c ≥ 0, where ‖ . ‖0 and ‖ . ‖2 are l0-norm and

l2-norm, respectively.

Dimakis et al. [13] provided a necessary and sufficient

condition for a good CS measurement matrix, called Null

Space Property (NSP), which is defined as follows. Let V be

a set of columns of the measurement matrix A. A satisfies

NSP if for a k ∈ Z≥0, c ∈ R≥0,

c‖ zI ‖1 ≤ ‖ zI′ ‖1 ∀ z ∈ NSpace(A), ∀I ⊆ V, |I| ≤ k

where ‖ . ‖1 is l1-norm, I ′ = V \I and

NSpace(A) = {z ∈ R
n : Az = 0}.

In [14], we provide an overview on iterative CS reconstruc-

tion algorithms. Here, we give a summary on some iterative

CS reconstruction algorithms including AMP, IP, verification

and CS-LDPC algorithms with details on IP and verification

decoding algorithms which are used in our simulations. Itera-

tive reconstruction algorithms are usually described using the

graphical representation of the measurement matrices, called

Tanner graph [15]. A Tanner graph is a bipartite graph with

two disjoint sets of nodes: variable nodes and check nodes.

Each variable (resp. check) node represents a column (resp.

row) of A. A check node i is connected to a variable node j
iff Aij 6= 0.

Example 1: The Tanner graph corresponding to the follow-

ing measurement matrix is shown in Fig. 1.

A =









1 1 0 0 0 1 0 0
0 0 0 1 1 0 1 0
0 1 1 1 1 0 0 0
0 0 0 0 0 1 1 1









.

In the figure, the variable nodes {v1, v2, ..., v8} are represented

by circles, and the check nodes {c1, c2, c3, c4} are represented

by squares.

v1 v2 v3 v4 v5 v6 v7 v8

c1 c2 c3 c4

Fig. 1. The Tanner graph corresponding to the measurement matrix A in
Example 1.

B. Approximate Message Passing (AMP)

An iterative thresholding algorithm called AMP was in-

troduced Donoho et al. [8]. In this algorithm x(l) and z(l)

are the estimates of the solution x and the residue at lth

iteration, respectively. Starting from x(0) = 0 and z(0) = y,

the messages are updated as follows:

x(l+1) = ηl(A
T z(l) + x(l))

z(l) = y −Ax(l) +
1

δ
z(l−1)〈η′l−1(A

T z(l−1) + x(l−1))〉,

where ηl is a sequence of threshold functions (applied com-

ponentwise), usually given by

η(x;λ) = sgn(x)(|x| − λ)+

where the subscript (u)+ = uI(u ≥ (0)), and I(.) is equal to

one if the Boolean expression in its argument is true and zero

elsewhere. η′(u) = ∂η(u)/∂u and 〈u〉 computes the mean of

u = [u1, u2, ..., un], i.e. 〈u〉 = (1/n)
∑

1≤i≤n ui, and AT is

the transpose of A [8], [14].

C. CS-LDPC

A message passing CS algorithm based on LDPC-like

matrices was proposed by Sarvotham et al. to reconstruct

approximately sparse signals [7]. The elements of the

measurement matrix A are in {−1, 0, 1}. The approximately

is modeled using two-state Gaussian mixture distribution and

the reconstruction algorithm is based on Belief Propagation

(BP) (for more details the reader is referred to [7]). The

complexity of this algorithm is O(n log n) and the minimum

number of measurements is O(k log n).

D. Interval Passing (IP)

Interval Passing (IP) algorithm [10] is a simple message

passing algorithm for reconstructing non-negative signals us-

ing binary measurement matrices. The complexity of algorithm

is O(n(log(n
k
))2 log(k)) and the number of measurements is

m = O(k log(n
k
)). Krishnan et al. [11] modified the IP and

showed that the algorithm fails if the non-zero values of the

signal x contain a stopping set [11]. In this algorithm, the

messages passing through edges are intervals [µ,M ].
Let V = {v1, v2, ..., vn} and C = {c1, c2, ..., cm} be the

sets of variable nodes and check nodes, respectively. At each

iteration l, messages from the variable vi to the check node

cj are updated as follows [11], [14]:

µ(l)
vi→cj

= max
c′
j
∈N (vi)

(

µ
(l−1)
c′
j
→vi

)

(1)

M (l)
vi→cj

= min
c′
j
∈N (vi)

(

M
(l−1)
c′
j
→vi

)

(2)

and the messages from the check node cj to the variable node

vi are updated as:

µ(l)
cj→vi

= max







0, yj −
∑

v′

i
∈N (cj)\{vi}

M
(l)
v′

i
→cj







(3)

M (l)
cj→vi

= yj −
∑

v′

i
∈N (cj)\{vi}

µ
(l)
v′

i
→cj

(4)



where N (vi) (resp. N (cj)) is the set of check (resp. variable)

nodes which are the neighbors of vi (resp. cj) in the Tanner

graph. Updating messages from a variable (check) node to a

check (variable) node are shown in Fig. 2 and 3, respectively.

c1

c2 c3

v1

(

µc2→v1
Mc2→v1

) (

µc3→v1
Mc3→v1

)

(

µc1→v1
Mc1→v1

)





max
(

µv1→c1
, µv2→c1

, µv3→c1

)

min
(

Mv1→c1 ,Mv2→c1 ,Mv3→c1

)





Fig. 2. IP algorithm: Updating messages from the variable node v1 to the
check node c1.

v1

v2 v3

c1

(

µv2→c1
Mv2→c1

) (

µv3→c1
Mv3→c1

)





max
(

0, y(c1) −

(

Mv2→c1
+ Mv3→c1

))

y(c1) −

(

µv2→c1
+ µv3→c1

)





Fig. 3. IP algorithm: Updating messages from the check node c1 to the
variable node v1.

Formally, the IP algorithm is given in Algorithm 1 where L
represents the maximum number of decoding iterations. The

decoding stops either if the maximum of iteration is reached,

or if the lower bound and the upper bound of the interval from

variable nodes to check nodes has converged to a common

value for every variable node.

E. Verification Algorithm

Zhang and Pfister’s verification algorithm [9] is an iterative

algorithm to reconstruct strictly sparse signals. The algorithm

can be considered as a bit flipping algorithm as introduced in

[16], since the messages correspond to the vertices (variable

and check nodes in the factor graph) and not to the edges.

This algorithm is summarized in the following steps and is

described in the Algorithm 2. In this algorithm each variable

node can have two states; one unverified state [*] (no value

has yet been estimated), and one verified state (the variable

node has been estimated).

Step 1. Variable nodes which are the neighbors of zero-value

Algorithm 1: Interval Passing Algorithm

Input : y and A such that y = Ax, L.

Output : x̂ the estimate of x.

Initialization: ∀cj ∈ C, ∀vi ∈ N (cj), µ
(0)
cj→vi = 0 and

M
(0)
cj→vi = y(cj);

for l = 1 to L do

1 foreach vi ∈ V do

foreach cj ∈ N (vi) do

µ
(l)
vi→cj = max

c′
j
∈N (vi)

(µ
(l−1)
c′
j
→vi

);

M
(l)
vi→cj = min

c′
j
∈N (vi)

(M
(l−1)
c′
j
→vi

);

2 foreach cj ∈ C do

foreach vi ∈ N (cj) do

µ
(l)
cj→vi =

max







0, y(cj)−
∑

v′

i
∈N (cj)\{vi}

M
(l)
v′

i
→cj







;

M
(l)
cj→vi = y(cj)−

∑

v′

i
∈N (cj)\{vi}

µ
(l)
v′

i
→cj

;

3 for vi ∈ V do

if (l > 1 & µ
(l)
vi→N (vi)

= M
(l)
N (vi)→vi

) ‖ l = L

then

x̂(vi) = µ
(l)
vi→N (vi)

;

Output x̂

check nodes are verified as 0.

Step 2. Variable nodes connected to check nodes with degree

one (only one edge connected) are verified as the value of

the check node.

Step 3. A single variable node connected to two check nodes

with the same measurement value is verified to the common

value of the check nodes.

Step 4. Subtract the values of the verified variable nodes from

the neighboring check nodes and then remove all verified

variable nodes and edges connected to them.

v1 v2

c1

y(c1) = 0

x̂(v1) = 0 x̂(v2) = 0

Fig. 4. Verification decoding algorithm: First Step

Steps 1 to 4 are repeated until reconstruction succeeds or

no more progress can be applied. The Fig. 4 and 5 sketch



v1

c1 c2 c3

y(c1) > y(c2) = y(c3)

x̂(v1) = y(c3)

Fig. 5. Verification decoding algorithm: Third Step

the Steps 1 and 3. Note that the verification decoding was

originally introduced for the q-ary Symmetric Channel [17] .

The justification of Step 3 is based on the observation that,

over large alphabets, the probability that two independent

random numbers are equal (or equivalently two independent

measurements) is quite small. This leads to consider that any

two common measured values (during decoding) are generated

by the same set of non-zero data. This observation holds

for large alphabets and then for the real numbers too. Note

that in the Algorithm 2, we added one condition to the

Step 3 (Fig. 5) to avoid that at one iteration, the value on

one check node becomes negative. In the Algorithm 2, L is

maximum number of iterations for the decoding, and δ is a

precision threshold to check the correct recovery of our signal

(practically δ ∼ 10−3).

Algorithm 2: Verification Decoding

Input : y and A such that y = Ax, L, δ.

Output: x̂ the estimate of x.

l = 0;

x̂ = [∗, . . . , ∗] ;

while E
[

|x̂− x|2
]

> δ or l < L do

1 foreach cj such that y(cj) = 0 do

x̂ (N (cj)) = 0;

2 foreach cj such that CheckDegree(cj) = 1 do

x̂ (N (cj)) = y(cj);
y (N (vi)) = y (N (vi))− y(cj) with vi = N (cj);

3 foreach (cj , ck) such that |N (cj) ∩N (ck)| = 1 and

y(cj) = y(ck) do

vi = N (cj) ∩N (ck);
if y (N (vi))− y(cj) ≥ 0 then

x̂(vi) = y(cj);
y (N (vi)) = y(N (vi))− y(cj);

4 foreach vi such that x̂(vi) is verified do

A (N (vi), vi) = 0 ;

l = l + 1;
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Fig. 6. Reconstruction of a k-sparse signal with a QC-LDPC measurement
matrix of length n = 600, dv = 4, R = 0.2
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Fig. 7. Reconstruction of a k-sparse signal with a QC-LDPC measurement
matrix of length n = 600, dv = 4, R = 0.5

III. SIMULATION RESULTS

In this section, we provide simulation results on CS recon-

struction with IP and verification decoding algorithms using

QC-LDPC measurement matrices of length n = 600 and

column-weights dv = 4 and dv = 5 for two different rates

(R) in each cases. Considering different rates is equivalent to

take different number of measurements. For both algorithms

we realized 50 decoding iterations, and for each sparsity we

detected the number of vectors that cannot be fully recovered

among 100 randomly generated sparse vectors. We present the

results in terms of the Proportion of Correction Reconstruction

versus the sparsity of our signal.

As can be seen in Figures 6 to 9, the performance of the IP

algorithm is better than the verification decoding algorithm.

However, for the measurement matrices of rate R = 0.5
(Figures 7 and 9), both algorithms fail in recovery of the

signals at almost the same sparsity parameter although the

slope of the IP algorithm is much higher (in absolute value)



than the verification decoding.

For measurement matrices of rates R = 0.2 and R = 0.17,

the verification decoding algorithm fails on recovery of signals

with sparsity parameter much less than that of IP algorithm.

Indeed, the proportion of correct reconstruction is decreasing

at a higher sparsity for the IP algorithm that the verification de-

coding. Another point to notice is the influence of the column-

weight (or equivalently the connection degree on the variable

nodes) with a constant rate. As expected the performance

of these reconstruction algorithms decrease as we increase

the column-weight of the measurement matrix. Indeed when

we increase the column-weight of the measurement matrix,

this will increase the number of edges (constraints) on the

measurement matrix, and then the linear dependency between

samples of the signal on the measurement
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Fig. 8. Reconstruction of a k-sparse signal with a QC-LDPC measurement
matrix of length n = 600, dv = 5, R = 0.17
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Fig. 9. Reconstruction of a k-sparse signal with a QC-LDPC measurement
matrix of length n = 600, dv = 5, R = 0.5

IV. FUTURE WORK

Future work will include the analysis of convergence of

IP and finding the sparsest vectors for which the IP and the

verification algorithms fail. Analysis similar to the idea of

trapping sets [18] or instanton search algorithms [19] should

give us understanding of the algorithms in order to modify

them to obtain better sparse signal recovery performance.
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