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The move from traditional single-track magnetic recording to TDMR with squeezed tracks and multiple readers opens up new
design degrees of freedom beyond the track pitch and bit aspect ratio, including the widths, spacing, and crosstrack positions of
the readers. In this paper we present a systematic method for determining the combination of multiple-reader geometry, track
pitch, and bit-aspect ratio that maximizes the areal density of a TDMR system using single-track detectors. The method combines
realistic modeling of the medium and write/read processes, advanced signal detection, and information-theoretic tools. The two-reader
geometry that maximizes areal density with zero skew and zero misregistration was found to use different-sized readers (with widths
of 14.6 nm and 23.9 nm) with significant overlap in the crosstrack direction (centers spaced by 2 nm). The optimal track pitch was
16.1 nm and the optimal bit length was 7.3 nm. At the optimal operating point, the information rate per coded bit is 0.8.

Index Terms—Two-dimensional magnetic recording, shingled magnetic recording, intersymbol interference (ISI), intertrack
interference (ITI), data-dependent noise, information theory

I. INTRODUCTION

TWO-dimensional magnetic recording (TDMR) is an ac-
cepted part of the industry’s technology roadmap for

hard disk drives [1]–[3]. The first implementations of TDMR
will likely use just two closely spaced stacked readers on
tracks written using shingled magnetic recording [4]. The op-
timization of a conventional single-track recording system is a
complex process involving many parameters. The optimization
of a dual-reader TDMR system is still more complex involving
at least three additional parameters: the two reader widths and
the cross-track offset (or spacing) between the readers.

This paper examines the optimization of a dual-reader
TDMR system to maximize customer areal-density at a fixed
radius and velocity. (The change in cross-track offset as a
function of radius/skew for a stacked reader is not dealt with
here.) The search for the optimum is conducted over the
following six parameters: track pitch, channel/media linear
density, reader-1 width, reader-2 width, reader-1 position, and
reader-2 position.

The optimization is done through software processing of
waveforms derived from a quasi-static recording simulation
of long pseudo-random bit sequences [5]. An important part
of this work is the verification that the simulated waveforms
are realistic and representative. The signal is characterized in
two dimensions in terms of its linear and nonlinear responses,
its noise spectra, and noise and signal power as a function of
crosstrack position.

The recording medium for the simulations is set at
22 Teragrains/in2 (about twice today’s grain densities) and
the components and magnetic spacing are gauged such as to
support a raw channel density of roughly 4 Tb/in2. The
results can be scaled to any density of interest, the key

fundamental metric is how much customer data can be stored
on each grain of the recording medium.

II. CHANNEL MODEL AND DATABASE

Waveforms are derived from a simulation that uses realistic
head fields and a Voronoi medium with Stoner-Wohlfarth
switching [6]–[9]. The mean grain pitch is 6 nm and there
are distributions in the anisotropy magnitude and angle. Mag-
netostatic and exchange interactions are included. The read
sensitivity function is obtained by 3D-finite element modeling
of a double-shielded magnetoresistive reader at several widths.

A database of 1000 oversampled waveforms was created,
based on a setting in which five consecutive tracks are written
in a shingled fashion, as shown in Fig. 1, each track with
independent pseudorandom bit sequences of length 40950.
The center track (track 3) is the track of interest. A total of
900 readback waveforms were generated with a bit length of
7.3 nm, one for each of six track pitches (from 16.1 nm to
26.1 nm in 2 nm increments), six reader widths (from 70%
to 145% of a nominal reader width of 20.8 nm), and 25
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Fig. 1. We consider five shingled tracks and 25 possible reader locations.
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reader positions (spanning the center three tracks at one-eighth
of a track increments). The physical width of the nominal
reader is 30 nm, which leads to a reader sensitivity function
whose full-width half-maximum is 20.8 nm. An additional 100
readback waveforms were generated at a track pitch of 16.1
nm and 70% reader width, one for each of four additional
bit lengths (5.3, 6.3, 8.3, and 9.3 nm) and the same 25
reader positions. All readback waveforms were oversampled
(perfect synchronization) at two samples per bit. The same
amount of white and Gaussian electronic noise was added to
all readback waveforms, independent of the reader width, by
adding an independent zero-mean Gaussian random variable
to each oversampled readback sample, with standard deviation
σe = 0.04. The signal to electronic noise ratio thus loses
approximately 6 dB per halving of the reader width. The
corresponding power of the added noise within the Nyquist
band is 24.6 dB below the saturation (constant response) signal
level for the centered 100%-width reader at 22.1 nm track
pitch, which for that scenario is 10.1% of the total noise power
(including magnetic noise).

III. CHANNEL CHARACTERIZATION

Let r denote the row vector of the more than 80,000
oversampled samples of a given readback waveform; a linear
model that accounts for contributions from all five tracks is:

r =

5∑
n=1

hnAn + e,

where hn is the oversampled linear impulse response from the
n-th track to the given reader, where An is a convolution ma-
trix for the upsampled bits written on the n-th track, and where
e represents any modeling errors and noise. More compactly,
we can write r = hA + e, where h = [h1,h2,h3,h4,h5]
is a long vector of concatenated impulse response vectors,
and A = [AT

1 ,A
T
2 ,A

T
3 ,A

T
4 ,A

T
5 ]T is a matrix of vertically

stacked convolution matrices. The least-squares estimate for
all five impulse responses is thus:

ĥ = rAT (AAT )−1. (1)

For example, in Fig. 2 we show typical results of such a
measurement for the case of a 70%-width reader centered over
track 3, when the track pitch is 16.1 nm and the bit length is
7.3 nm. The magnitude response for track 3 is roughly 15
dB stronger than those for the neighboring tracks (tracks 2
and 4). The corresponding impulse responses are shown in
the inset, with time spanning 20 bit periods. One may note
how the low frequency content of track 2 is damaged by the
subsequent writing of track three. Low frequencies have high
demagnetizing fields and are susceptible to the stray fields
from the head as the next track is written.

From the impulse response we can estimate the signal level
(or saturation level) in response to a long series of one bits,
or equivalently the d.c. gain, by summing all of the impulse
response coefficients. In Fig. 3 we illustrate how the signal
level changes as a function of the reader width, assuming that
the reader is centered over the desired track, for track pitches
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Fig. 2. The magnitude responses for a 70%-width reader centered over track
3, for three different input tracks (2, 3, and 4). The track pitch is 16.1 nm and
the bit length is 7.3 nm. The inset shows the corresponding impulse responses
in the time domain, spanning 20 bit periods.
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Fig. 3. Signal level for a centered reader versus reader width, for bit length
7.3 nm.

ranging from 16.1 nm to 26.1 nm. The bit length is 7.3 nm.
Signal level increases nearly linearly over a wide range of
reader widths. (A truly linear dependence is indicated by the
dashed lines, for the sake of comparison.) Although the reader
geometry is scaled linearly, the resulting sensitivity function
drops more rapidly for narrow readers.

The signal (saturation) level from a neighboring track to a
reader centered on a different track can be used to quantify
intertrack interference (ITI). In Fig. 4 we show the ITI as a
function of reader position and reader width, assuming a 16.1
nm track pitch and a 7.3 nm bit length. As expected, wider
readers are seen to increase both the desired signal level and
the ITI signal level. Track 5 is wider than the others because
it is the last to be written, see Fig. 1, which explains its higher
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Fig. 4. Intertrack interference as quantified by signal level (DC gain), for
16.1 nm track pitch, 7.3 nm bit length, and different reader widths.

signal level in Fig. 4.
Nonlinear distortion in the form of nonlinear transition shift

is to be expected, since the writing process did not include
any precompensation of the transition positions. A truncated
Volterra model for the noiseless readback waveform from an
isolated track is [10], [11]:

r(t) =
∑
k

akh(t− kT )

+
∑
k

akak−1h
(2)(t− kT )

+
∑
k

ak−1akak+1h
(3)(t− kT ),

where ak ∈ {±1} is the k-th written bit on the track, T is
the bit period, h(t) is the (first-order) linear impulse response,
h(2)(t) is the second-order nonlinear response for neighboring
bits, and h(3)(t) is the third-order nonlinear response for three
consecutive bits. This third-order nonlinearity captures the
impact of nonlinear distortion in which the magnetic field
from bit ak influences the formation of the transition between
ak and ak+1. The nonlinear responses can be estimated via
an equation like (1), but where the convolution matrices
are derived not from the written bits ak but instead from
the relevant product of bits (e.g. akak−1 for h(2)(t), and
ak−1akak+1 for h(3)(t).) A comparison of these three Volterra
kernels is shown in Fig. 5, for the case of a 70%-width reader
centered over track 3, with track pitch 16.1 nm and bit length
7.3 nm. The oversampled linear impulse response hk is seen
to dominate by more than 30 dB. The oversampled third-order
response h(3)k is the next-largest; when scaled by a factor of
30 it shares nearly the same height and shape as the linear
impulse response. The second-order response is significantly
weaker.

Once the impulse responses to a given reader have been
estimated, we can predict the corresponding sampled readback
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Fig. 5. A comparison of the linear impulse response hk (open markers) and
higher-order nonlinear impulse responses (closed markers) for a 70%-wide
reader centered over track 3 and a track pitch of 16.1 nm. The third-order
response h(3)k is seen to have a similar shape as the linear impulse response,
only weaker by a factor of 30. The second-order response is considerably
weaker. The inset shows the corresponding magnitude responses.

waveform by convolving the known bit sequences written on
all five tracks with the corresponding linear impulse response
estimates, or equivalently in terms of the notation of (1),
according to r̂ = ĥA. Any error e = r− r̂ between this pre-
diction and the actual samples (before adding electronic noise)
can be attributed to media noise and nonlinear distortion, the
latter being a much smaller contributor. If σ2

media = ‖e‖2 /L
denotes an estimate of the variance of this media noise, where
L is the length of e, and if H0 denote the DC gain, then
the SNR (with respect to the DC gain) can be computed as
SNR = H2

0/(σ
2
m + σ2

e/2), where we use σe = 0.04 for the
added electronic noise. Observe that this measure of SNR is
independent of ITI, as might result from either an isolated
track or for the case when ITI is perfectly cancelled.

The dependence of SNR on reader width is illustrated in
Fig. 6. The solid curves include the electronic noise, while the
dashed curves have no electronic noise (σe = 0). In all cases
we see an optimum reader width that trades off the opposing
goals of capturing as much desired signal energy (using a wide
reader) and avoiding the media noise at the track edges (using
a narrow reader).

The power-spectral density for the media noise e = r− ĥA
is shown in Fig. 7 for a centered reader over a track with
pitch 26.1 nm. The upper curve is for a 145% reader width,
and the lower curve is for the 70% reader width. The spectrum
of the media noise is clearly seen to be shaped by the reader
response, in contrast to the spectrum of the electronic noise.

The media noise e = r − ĥA (see (1)) is computed
by subtracting the linear ISI and ITI contributions from the
readback waveform. The variance of each media noise sample
is time-varying and data dependent. This time variance and
data dependence is captured by an instantaneous measure
σ2
media,k of media noise variance at each time k, conditioned

on knowledge of the written bits. Galbraith et al. proposed the
following linear model for this time-varying data-dependent
variance [12]:

σ̂2
media,k = σ2

0 +
∑
i

tiwk−i,
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Fig. 6. SNR versus reader width, for a centered reader and bit length 7.3
nm. The dashed curves are for the case of no noise (σe = 0), while the solid
curves are with the electronic noise (σe = 0.04).
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Fig. 7. Media noise power spectral densities for two different reader widths,
assuming a centered reader, a track pitch of 26.1 nm, and bit length 7.3 nm.
The electronic noise level is shown for comparison.

where the first term σ2
0 is independent of the presence of a

transition, representing the non-transition media noise, and
where the second term represents the transition-dependent
media noise, expressed in terms of the transition sequence
tk = |ak−ak+1|/2 ∈ {0, 1} and the so-called transition-noise
variance response sequence wk.

With {σ2
media,k} measured experimentally, [12] proposed

to estimate the parameters σ2
0 and {wk} so as to minimize∑

k |σ̂2
media,k − σ2

media,k|2, and to use the resulting estimates
to quantify the transition noise power and the nontransition
noise power. Fig. 8 shows sample results this measurement
technique for the case of a 70%-width reader, a track pitch
of 22.1 nm, and a bit length of 7.3 nm. The figure shows
the relative power of four disturbances as a function of the
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Fig. 9. A single-track detector preceded by a pair of fractionally spaced
equalizers, whose outputs are downsampled and added. The equalizers and
monic-constrained target are jointly designed to minimize mean-squared error.

crosstrack reader position: the ITI power, the transition noise
power, the nontransition noise power, and the electronic noise
power. All powers are normalized by the power of the desired
signal for the main track, so that a value of 0 dB means that
the noise power is equal to the signal power.

IV. MULTI-READER DETECTION

We limit consideration to single-track detectors of the form
illustrated in Fig. 9. The two oversampled readback waveforms
from the two readers are separately equalized by a pair of
fractionally spaced equalizers, each with Nc coefficients, and
then added together. The pair of equalizers and the one-
dimensional monic-constrained target g = [1, g1, . . . gµ] with
memory µ are jointly optimized using standard techniques so
as to minimize mean-squared error [13], so that subsequent
processing can use conventional one-dimensional Viterbi [14]
and Bahl, Cocke, Jelinek, and Raviv (BCJR) detectors [15].

In Fig. 10 we show bathtub curves for the case of two 70%-
width readers whose crosstrack spacing (normalized by the
track pitch) is 1/8, based on the bit-error rate after a hard-
output Viterbi detector (with no noise prediction).

The optimum spacing between two readers depends on
many factors, but roughly boils down to a compromise be-
tween a desire to use a small spacing, so as to avoid the
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noise and ITI at the track edges, and a desire to use a large
spacing, to reduce transition media noise via averaging, and to
provide robustness to misregistration. In Fig. 11 we illustrate
this tradeoff via a family of bathtub curves, for the case of
two 70% readers and a track pitch of 18.1 nm. Six curves
are shown, for normalized reader spacings (normalized by the
track pitch) ranging from zero to 5/8 in increments of 1/8.
The narrowest bathtub curve corresponds to a zero crosstrack
spacing; the two corresponding readback waveforms will thus
have precisely the same media noise, differing only because
the added electronic noise is independent. Slightly better BER
performance at the bottom of the curve is achieved by a
normalized spacing of 1/8. More significant, however, is the
greater width of the resulting bathtub curve, making this con-
figuration more robust to misregistration. Further increasing
the spacing beyond 1/8 results in an even wider curve, albeit
with a somewhat larger minimum value. If we were to choose
the spacing to minimize the BER value at the bottom of the
curve, ignoring the width of the curve, we would choose 1/8.

V. SYMMETRIC INFORMATION RATE

The bit-error rate after Viterbi detection is a useful perfor-
mance metric when optimizing the multireader geometry for
a given track pitch and bit length, but it cannot be used to
optimize the track pitch and bit length parameters themselves.
Here we propose a more comprehensive metric that can be
used to simultaneously optimize all parameters. An ideal
optimization metric would be the Shannon capacity, since it
would upper bound the areal density for any practical system.
Instead, because the Shannon capacity is not known for this
channel, we propose to use the symmetric information rate
(SIR) between the input sequence a of written bits on the
home track and the output sequence y after the equalizer(s).
The SIR is the mutual information rate I(a;y) between a and
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Fig. 10. Bathtub curves for two 70%-width readers with crosstrack spacing
(normalized by track pitch) of 1/8, based on a 4-state Viterbi detector. The
equalizers and target are optimized anew for each point on each curve.

y under the constraint that the written bits are independent
and uniformly distributed (i.i.d.) random variables, namely:

SIR = h(y)− h(y|a), (2)

where h(y) is the entropy rate of the equalizer output, and
h(y|a) is the conditional entropy rate of the output, given a.

The units of SIR are information bits, and can be interpreted
as a bound on the average number of user bits per written bit.
Therefore, the areal density (in units of bits per grain) can be
computed as SIR/G, where G is the average number of grains
per written bit, and can be computed from the track pitch, bit
length, and grain density. (For example, a track pitch of 16.1
nm, bit length of 7.3 nm, and 22 Teragrains/in2 leads to G =
4.01 grains/written bit.) Like Shannon capacity, the SIR is a
property of the channel itself, and is not tied to any particular
coding scheme or decoding strategy. The SIR thus provides a
useful benchmark for achievable storage densities for systems
that use single-track detection with multiple readers.

Let us write the equalizer output as:

y = s(a) + n(a),

where without loss of generality we define the k-th component
of s(a) as the linear convolution sk =

∑µ
i=0 giak−i, where

{g0, . . . gµ} are the target coefficients; any nonlinearities or
other effects can then be lumped into the additive signal-
dependent noise, defined by n(a) , y − s(a). Suppose
the noise is data-dependent order-L autoregressive (AR) and
Gaussian of the form [16]:

nk(a) = σk(ak)uk +

L∑
i=1

pi,k(ak)nk−i, (3)
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Fig. 11. Impact of spacing between two readers on the bathtub curve. The
horizontal axis is the position of the array center (i.e., the midpoint between
the two readers). The track pitch is 18.1 nm and the bit length is 7.3 nm.
Closely spaced readers yield the lowest BER, but wider spacing is more robust
to misregistration.
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where {uk} is an i.i.d. sequence of zero-mean unit-variance
Gaussian random variables, and where σk(ak) and pk(ak) =
[p1,k(ak), . . . pL,k(ak)] are the data-dependent time-varying
AR parameters that depend at time k only on the µ+1 written
bits ak , [ak . . . ak−µ]. Applying the noise of (3) to a time-
varying linear predictor of the form n̂k =

∑L
i=1 pi,k(ak)nk−i

with knowledge of a would then lead to an uncorrelated
prediction error sequence ek = nk − n̂k = σk(ak)uk.

We now examine how to compute the second of the two
terms in (2), namely h(y|a). When the AR model of (3) is
exact, the conditional entropy h(y|a) can be computed exactly.
Considering that h(y|a) is a measure of uncertainty in y given
knowledge of a, and further that knowledge of a and the AR
parameters enables us to extract e through linear prediction,
it follows that the conditional entropy reduces to:

h(y|a) = h(e) =
1

2
log2(2πeσ̄2),

where σ̄2 = 2E(log2 σ
2
k(ak)). This further reduces to h(n) =

1
2 log2(2πeσ2), as expected, in the special case when the noise
n is AWGN and independent of a.

When the noise is autoregressive according to (3), the first
term h(y) in (2), the entropy of the equalizer output, can also
be computed exactly; it can be computed using the forward
recursion of the BCJR algorithm, as explained in [17], which
operates on a 2µ+1+L-state trellis.

In the spirit of [18], data-dependent noise prediction can still
be used to estimate the conditional entropy h(y|a), and the
forward recursion of BCJR can still be used to estimate h(y),
even when the noise does not strictly follow the autoregressive
model of (3). Strategies for empirically estimating σk(ak) and
pk(ak) are discussed in [18].

VI. OPTIMIZATION RESULTS

We first assume a bit length of 7.3 nm and optimize all
other parameters. We then fix these remaining parameters and
optimize bit length. In particular, for the 7.3 nm bit length and
every track pitch and reader geometry, the corresponding pair
of readback waveforms was processed according to Sect. 4,
and both the SIR and BER computed. An exhaustive search
over all possible candidate geometries was then performed.
A similar exhaustive search was also performed for a single-
reader system.

Results are shown in Fig. 12, where we plot BER after a
standard 4-state Viterbi detection (without noise prediction)
versus track pitch. Every parameter of the system (bit ge-
ometry, reader geometry, equalizer, and target) is optimized
separately for each point in the curves so as to minimize the
resulting BER. The two-reader system is seen to offer up to an
11% increase in areal density over the single-reader system.

A similar search was performed so as to maximize the SIR
in units of bits per grain, rather than to minimize BER. The
results are shown in Fig. 13, where we plot versus track pitch
the optimized areal density versus track pitch. The units on the
left are Tb/in2, while the units on the right are bits/grain. As
before, every parameter of the system (bit geometry, reader
geometry, equalizer, and target) is optimized separately for
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Fig. 12. Optimized BER versus track pitch, for bit length 7.3 nm. At each
point the equalizers, target, reader widths, reader spacing, and position are
optimized to minimize BER. The optimum reader widths are indicated at
each point.

each point in the curves so as to maximize the areal density.
A maximum areal density of at 4.8 Tb/in2 (or 0.22 bits/grain)
is achieved at a track pitch of 16.1 nm, with reader widths 23.9
nm and 14.6 nm and center spacing 2 nm. The corresponding
code rate is 0.79. Compared to an optimized single-reader
system, the second reader provides an 5% increase in areal
density.

We next examine performance as a function of bit length.
Up to now we have added the same amount of electronic noise
to each readback waveform, regardless of the reader width.
But when varying the bit length while keeping the rotational
speed of the medium fixed, we must scale the noise standard
deviation to account for the change in bit rate. In particular, to
be consistent with the choice of σe = 0.04 when the bit length
was L0 = 7.3 nm, the electronic noise standard deviation value
as a function of bit length Lb is σe = 0.04

√
L0/Lb. With the

track pitch fixed at its optimal value (16.1 nm), and while
keeping the reader geometry fixed at two 70%-wide readers
with a 1/8-pitch spacing, we computed the SIR as a function
of bit length. The results are shown in 14 for the case of one
and two readers. The one-reader system achieves a maximum
areal density at 8.3 nm, while the two-reader system achieves
a maximum at 7.3 nm.

VII. CONCLUSIONS

The simulated waveforms were analyzed in terms of their
linear and nonlinear characteristics, as well as their noise
properties, and were shown to be realistic and representative.
The simulated waveforms enabled a comprehensive exhaustive
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search for optimizing the geometry of multiple readers so
as to maximize density. Moving from one to two readers
was shown to increase the maximal areal density by 5%.
Further gains in areal density can be expected by relaxing the
constraints of the single-track reader architecture considered
here, e.g., by considering multiple-track detectors based on
a joint Viterbi or other trellis-based detector; by employing
modulation codes controlling both downtrack and crosstrack
transitions; by employing crosstrack media-noise processing
such as data-dependent noise prediction. Our optimization
results are limited by the range of parameters considered,
notably the fact that they were based on zero skew, and also
the limited range of track pitches and bit lengths considered. A

broader optimization criterion that accounts for both skew and
track misregistration will likely lead to different optimization
results.
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