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Abstract— We study a turbo equalization scheme based on
low-density parity-check (LDPC) coded turbo equalization (TE).
This scheme is suitable for simultaneous: (i) suppression of intra-
channel nonlinearities, (ii) chromatic dispersion compensation,
and (iii) polarization-mode dispersion (PMD) compensation.
LDPC coding is based on large girth (g ≥ 8) block-circulant
codes, and maximum a posteriori probability (MAP) equal-
izer is based on Bahl-Cocke-Jelinek-Raviv (BJCR) algorithm.
The ultimate channel capacity limits, assuming an independent
identically distributed (i.i.d.) source are reported as well. In
the presence of intrachannel nonlinearities the LDPC-coded TE
provides almost 12 dB improvement over BCJR equalizer at BER
of 10−8. For an NRZ system operating at 10 Gb/s with residual
dispersion of 11200 ps/nm and for differential group delay of
50 ps, the LDPC-coded TE is only 1 dB away from the i.i.d
channel capacity. The efficiency of LDPC-coded TE in PMD
compensation is demonstrated experimentally, with decoding
performed off line.

Index Terms— Fiber-optics communications, intra-channel
nonlinearities, chromatic dispersion, polarization-mode disper-
sion (PMD), turbo equalization, low-density parity-check (LDPC)
codes.

I. INTRODUCTION

OPTICAL communication systems are evolving quickly
to adapt to the ever-increasing demands of telecommu-

nication needs, mostly noticeably witnessed by the growth in
transmission capacity demands. To improve the overall trans-
mission capacity, the number of channels has been increased
through wavelength-division-multiplexing (WDM) or dense
WDM (DWDM). Network operators consider 100 Gb/s per
DWDM channel transmission, yet the performance of fiber-
optic communication systems operating at those data rates is
degraded significantly due to several transmission impairments
including intra- and inter-channel nonlinearities, polarization-
mode dispersion (PMD), and chromatic dispersion [1]-[11].
These effects represent the current limiting factors in ef-
forts to increase the capacity/speed, extend the transmission
distance, and provide more flexible wavelength switching
and routing capabilities in optical networks. To address the
above challenges, novel advanced techniques and devices in
modulation and detection, coding and signal processing should
be developed.
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In this paper, we study the low-density parity-check (LDPC)
coded turbo equalizer (TE) as a universal equalizer scheme
for simultaneous suppression of fiber nonlinearities, for chro-
matic dispersion compensation and for PMD compensation.
Notice that in our recent publications [8]-[10] we studied the
efficiency of turbo equalization in dealing with intra-channel
nonlinearities, chromatic dispersion and PMD, by observ-
ing scenarios in which each particular impairment dominate,
although in practice those impairments act simultaneously.
Moreover, we propose a new class of codes to be used in
turbo equalization, based on large girth LDPC codes (the
girth represents the shortest cycle in corresponding bipartite
graph representation of a parity-check matrix). To facilitate
the implementation at high-speed we prefer the use of struc-
tured LDPC codes [6] rather than random LPDC codes [12].
To reduce the performance loss of structured LDPC codes,
compared to random ones, we use the girth [13] as the
optimization parameter, and design the LDPC codes of girth-
8 and girth-10, as explained in Section III. The use of large
girth LDPC codes increases the minimum distance, and de-
correlates the extrinsic info in decoding process. The LDPC-
coded turbo equalizer is composed of (i) Bahl-Cocke-Jelinek-
Raviv (BCJR) algorithm [14] based equalizer (called here
BCJR equalizer), and (ii) LDPC decoder is based on min-sum-
with-correction-term algorithm [15]. The BCJR equalizer has
the best immunity to the nonlinear intersymbol interference
(ISI) due to intra-channel nonlinearities, residual chromatic
dispersion and PMD, and provides soft bit-reliabilities (log-
likelihood ratios, LLRs) required in LDPC decoding. To
improve the overall bit-error ratio (BER) performance of turbo
equalizer, we perform the iteration of extrinsic LLRs between
LDPC decoder and BCJR equalizer, the procedure known
as turbo equalization [16]. The extrinsic information transfer
(EXIT) chart approach [17] is used to match the large-girth
structured LDPC codes and BCJR equalizer. This scheme is
able to operate in the presence of strong intra-channel nonlin-
earities, and provides large coding gains. For reasonable BCJR
equalizer complexity it is able to compensate simultaneously
for accumulated chromatic dispersion of 11200-ps/nm, and
differential group delay (DGD) of 50 ps in an NRZ system
operating at 10 Gb/s. The LDPC-coded turbo equalizer, based
on girth-10 LDPC codes of rate 0.8, provides almost 12 dB
improvement over BCJR equalizer in an RZ system operating
at 40 Gb/s, in the presence of intrachannel nonlinearities.

Given the fact that LDPC-coded turbo equalizer is an
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Fig. 1. (a) Receiver and LDPC-coded turbo equalizer architectures; and (b)
transmitter configuration. MZM-Mach-Zhender modulator, DFB-distributed
feedback laser, LDPC-LDPC encoder, OF-optical filter, PD-photodetector, EF-
electrical filter.

excellent candidate to deal with nonlinear ISI, naturally arises
the question about fundamental limits on channel capacity. In
[26]-[29], we calculated the channel capacity of independent
identically distributed (i.i.d.) information source (the achiev-
able information rates) again observing different channel im-
pairments separately. For completeness of presentation we also
provide the channel capacity study when different degradation
effects act simultaneously.

The paper is organized as follows. The LDPC-coded turbo
equalization scheme is described in Section II. Design of
large girth LDPC codes used in turbo equalizer is given in
Section III. Sections IV-VI are devoted to the demonstration of
efficiency of the LDPC-coded turbo equalizer in suppression
of fiber nonlinearities (Section IV), for chromatic disper-
sion compensation (Section V), and for PMD compensation
(Section VI). To verify the efficiency of LDPC-coded turbo
equalizer in PMD compensation we perform the experiments.
In Section VII we provide channel capacity study to see how
closely channel capacity can be approached with reasonable
complexity of turbo equalizer. In last Section, some important
concluding remarks are provided.

II. LDPC-CODED TURBO EQUALIZATION EQUALIZER

DESCRIPTION

As mentioned in Introduction, we will study LDPC-coded
turbo equalization scheme, as a universal detection-decoding
scheme that can be used simultaneously for: (i) suppression of
fiber nonlinearities [8], (ii) PMD compensation [10], and (iii)
chromatic dispersion compensation [9]. The LDPC-coded TE,
shown in Fig. 1(a), is composed of two ingredients: (i) the
BCJR algorithm based equalizer, and (ii) the LDPC decoder.
Transmitter (shown in Fig. 1(b)) is based on standard RZ
transmitter and an LDPC encoder. BCJR equalizer serves as
nonlinear ISI canceller, reduces the BER down to the forward
error correction (FEC) threshold, and provides accurate esti-
mates of LLRs for LDPC decoder. To further improve BER
performance we allow for iteration of extrinsic information
between BCJR equalizer and LDPC decoder. The BCJR
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Fig. 2. Trellis description for 2m + 1 = 5.

equalizer operates on a discrete dynamical trellis description
of the optical channel, with memory equal to 2m+1, with 2m
being the number of bits that influence the observed bit from
both sides. This dynamical trellis is uniquely defined by the
set of previous state, the next state, in addition to the channel
output. The state (the bit-pattern configuration) in the trellis is
defined as sj = (xj−m, xj−m+1, . . . , xj , xj+1, . . . , xj+m) =
x[j −m, j + m], where xk ∈ X = {0, 1}. An example trellis
of memory 2m + 1 = 5 is shown in Fig. 2. The trellis has
25 = 32 states (s0, s1, . . . , s31), each of which corresponds
to a different 5-bit pattern. For the complete description of
the trellis, the transition probability density functions (PDFs)
p(yj |xj) = p(yj |s), s ∈ S can be determined from collected
histograms (yj represents the sample at the input of the BCJR
equalizer that corresponds to the transmitted bit uj , and S
is the set of states in the trellis). Because the collection of
histograms is time consuming and sensitive to the precision,
a better option would be to estimate conditional PDFs using
instantons (or method of optimal fluctuations) to estimate far
tails, and Edgeworth expansion to refine the middle part, as
we proposed in [18].

The forward and backward recursion steps of BCJR equal-
izer are given in Figs. 3(a) and 3(b), respectively. Let s′ =
x[j − m − 1, j + m − 1] represent the previous state, s =
x[j − m, j + m] the present state, x = (x1, x2, . . . , xn)-the
transmitted codeword, and y = (y1, y2, . . . , yn)-the received
sequence of samples. The LLR, denoting the bit reliability, of
xj(j = 1, 2, . . . , n), can calculated by

L(xj) = max∗
(s′,s):xj=0[αj−1(s′) + γj(s′, s) + βj(s)]

−max∗
(s′,s):xj=1[αj−1(s′) + γj(s′, s) + βj(s)]

(1)

The dashed lines in Fig. 2 corresponds to transitions (s′, s) :
xj = 0, and the solid lines to transitions (s′, s) : xj = 1. The
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Fig. 3. (a) The forward recursion step of BCJR equalizer, and (b) the
backward recursion step of BCJR equalizer.

forward metric αj(s) =logp(sj = s, y[1, j]), the backward
metric βj(s) =logp(y[j + 1, n]|sj = s), and the branch metric
γj(s′, s) =log[p(sj = s, yj , sj−1 = s′)] in Eq. (1) can be
determined respectively by

αj(s) = max∗
s′ [αj−1(s′) + γj(s′, s)]

βj−1(s′) = max∗
s[βj(s) + γj(s′, s)]

γj(s′, s) = log[p(yj |x[j − m, j + m])P (uj)].
(2)

The max*-operator is defined by max*(x, y) =
log(ex + ey), and it is efficiently calculated by
max*(x, y) =max(x, y) + c(x, y), where c(x, y) is the
correction factor, c(x, y) =log[1+exp(−|x − y|)], commonly
approximated or implemented using a look-up table.
p(yj |x[j−m, j +m]) is obtained, as already explained above,
by either collecting the histograms or by instanton-Edgeworth
expansion method, and P (xj) represents a priori probability
of transmitted bit xj , which is either 1/2 (because binary
equally probable transmission is observed) for an existing
transition from trellis given in Fig. 2, or zero for non-existing
one. The initial forward and backward metrics values are set
to

α0(s) = 0, s = s0 α0(s) = −∞, s �= s0

βn(s) = 0, s = s0 βn(s) = −∞, s �= s0
(3)

where s0 is an initial state. The key difference between the
regular BCJR algorithm [14] (see also [19]) and the BCJR
equalizer described here is therefore just in calculation of
LLRs. The conventional BCJR algorithm, calculates LLRs of
the input bits corresponding to the edges, while the BCJR
equalizer calculates the LLRs of the output bits corresponding
to the central bit of terminal states (see Fig. 2). Another im-
portant difference with respect to turbo equalization employed
in magnetic recording systems [20] is that the BCJR equalizer

operates on a trellis that includes both pre- and post-cursor ISI.
The forward recursion step (Fig. 3(a)), and backward recursion
step (Fig. 3(b)) are similar to that in the original log-domain
BCJR algorithm [19].

The BCJR equalizer LLRs are forwarded to the soft-
decoding LDPC decoder implemented based on sum-product-
with-correction-term algorithm [15]. To improve the overall
performance of LDPC-coded turbo equalizer we allow the
iteration of extrinsic LLRs between LDPC decoder and BCJR
equalizer. For example, extrinsic LLRs for BCJR equalizer in
kth iteration are determined by

LLDPC,e(x
(k)
j ) = LLDPC(x(k)

j ) − LLDPC(x(k−1)
j ), (4)

where LLDPC(xj) is corresponding LLR of bit xj , while
indices k and k−1 are used to denote the current and previous
iterations. The extrinsic LLRs from (4) are used as a priori
LLRs in the third line of (2) by

LBCJR,a(xj) =log[P (xj)] = LLDPC,e(xj).
The LDPC codes are selected using the concept of EXIT

charts [17], in a fashion similar to that we reported in [21].
To facilitate the implementation at high speed we prefer the
use of structured quasi-cyclic LDPC codes of large girth. Such
codes lead to encoders that can be implemented based on shift-
register and modulo-2 adders, and the complexity of decoder
is low. One such class of LDPC codes is proposed in next
Section.

III. LARGE GIRTH LDPC CODES

Based on Tanner’s bound for the minimum distance of an
LDPC code [22]

d ≥
{

1 + r
r−2

((r − 1)�(g−2)/4� − 1), g/2 = 2m + 1

1 + r
r−2

((r − 1)�(g−2)/4� − 1) + (r − 1)�(g−2)/4�, g/2 = 2m

(5)

where g and r denote the girth of the code graph and the
column weight, respectively, and where d stands for the
minimum distance of the code, it follows that large girth
leads to an exponential increase in the minimum distance,
provided that the column weight is at least 3. (�� denotes
the largest integer less than or equal to the enclosed quantity.)
For example, the minimum distance of girth-10 codes with
column weight r = 3 is at least 10. The structured LDPC
codes introduced in this Section belong to the class of block-
circulant (BC) codes [23], also known as array codes [24].
Their parity-check matrix can be represented by

H =

⎡
⎢⎢⎣

I P c0 P 2c0 ... P (q−1)c0

I P c1 P 2c1 ... P (q−1)c1

... ... ... ... ...
I P cr−1 P 2cr−1 ... P (q−1)cr−1

⎤
⎥⎥⎦ (6)

where ci ∈ {0, 1, . . . , q − 1}(i = 0, 1, . . . , r − 1), I is the
identity matrix of dimension q, and P denotes the permutation
matrix

P =

⎡
⎢⎢⎢⎢⎣

0 1 0 0 ... 0
0 0 1 0 ... 0
... ... ... ... ...
0 0 0 0 ... 1
1 0 0 0 ... 0

⎤
⎥⎥⎥⎥⎦
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The integers ci are to be carefully chosen according to The-
orem 2.1 in [13] in order to avoid the cycles of length 2k(k =
3 or 4). According to this theorem (see also [23]) the cycle of
length 2k exists if we can find the closed path in (6), denoted
by (i1, j1), (i1, j2), (i2, j2), (i2, j3), . . . , (ik, jk), (ik, j1), such
that

ci1j1+ci2j2+...+cik
jk = ci1j2+ci2j3+...+cik

j1modq, (7)

where q is the dimension of the permutation matrix P , and
should be a prime number. The pair of indices above denote
row-column indices of permutation-blocks in (6) such that
lm �= lm+1, lk �= l1(m = 1, 2, . . . , k; l ∈ {i, j}). In order
to avoid the cycles of length 2k, k = 3 or 4, we have to
find the sequence of integers ci ∈ {0, 1, . . . , q − 1}(i =
0, 1, . . . , r − 1; r < q) not satisfying the equation (7), which
can be done either by computer search or in a combinatorial
fashion. For example, to design the BC LDPC codes in [23]
we introduced the concept of the cyclic-invariant difference
set (CIDS). The CIDS-based codes come naturally as girth-6
codes, and to increase the girth we had to selectively remove
certain elements from a CIDS. The design of LDPC codes
of rate above 0.8, column weight 3 and girth-10 using the
CIDS approach is a very challenging, still an open problem.
Instead, in this paper we solve this problem by developing
an efficient computer search algorithm, which begins with an
initial set. We add an additional integer at the time from the
set Q = {0, 1, . . . , q−1} (not used before) to the initial set S
and check if the equation (7) is satisfied. If the equation (7) is
satisfied we remove that integer from the set S, and continue
our search with another integer from set Q, until we exploit
all the elements from Q. The code rate R is lower-bounded
by

R ≥ (nq − rq)/nq = 1 − r/n, (8)

and the code length is nq, where n denotes the number of
elements from S being used. The parameter n is determined
by desired code rate R0 by n = r/(1 − R0). If desired code
rate is set to R0 = 0.8, and column weight to r = 3, the
parameter n = 5r.

Example: By setting q = 1129, the set of integers to be used
in (6) is obtained as S={0,1,4,11,27,39,48,84,134,163,223,
284,333,397,927}. The corresponding LDPC code has rate
R0 = 1 − 3/15 = 0.8, column weight 3, girth-10 and length
nq = 15· 1129 = 16935, which is about twice shorter than
turbo-product code (TPC) proposed in [25]. In the example
above, the initial set of integers was S = {0, 1, 4}. The use
of a different initial set will result in a different set from
that obtained above. In addition to this code we designed the
LDPC(8540,6835) code of rate 0.8, girth-8 and column weight
3, and LDPC(9276,6959) code of code rate 0.75, girth-10, and
column weight 3. Notice that turbo-product codes of similar
rates were considered in [25].

The results of simulations for an additive white Gaussian
noise (AWGN) channel model are given in Fig. 4, where
we compare the proposed LDPC codes against RS codes,
concatenated RS codes, TPCs, and previously proposed LDPC
codes. The girth-10 LDPC(24015,19212) code of rate 0.8
outperforms the concatenation RS(255,239)+RS(255,223) (of
rate 0.82) by 3.35 dB, and RS(255,239) by 4.75 dB, both at
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Fig. 4. Large girth block-circulant LDPC codes against RS codes, concate-
nated RS codes, TPCs, and previously proposed LDPC codes on an AWGN
channel model.

BER of 10−7. The same LDPC code outperforms projective
geometry (PG) (2, 26) based LDPC(4161,3431) (of rate 0.825)
of girth-6 by 1.49 dB at BER of 10−7, and outperforms CIDS
based LDPC(4320,3242) of rate 0.75 and girth-8 LDPC codes
by 0.25 dB. At BER of 10−10 it outperforms lattice based
LDPC(8547,6922) of rate 0.81 and girth-8 by 0.44 dB, and
BCH(128,113)xBCH(256,239) TPC of rate 0.82 by 0.95 dB.
The net effective coding gain at BER of 10−12 is 10.95 dB.

Given the description of LDPC-coded TE, and design of
LDPC codes to be used in turbo equalization, in the following
Sections we describe three applications of interest: (i) suppres-
sion of intra-channel nonlinearities (described in next Section),
(ii) chromatic dispersion compensation (described in Section
V), and PMD compensation (described in Section VI).

IV. SUPPRESSION OF INTRACHANNEL NONLINEARITIES

VIA LDPC-CODED TURBO EQUALIZATION

We are turning our attention to the description how to
deal with intra-channel nonlinearities via LDPC-coded turbo
equalization. For this purpose we developed a realistic fiber-
optic communication system model based on the nonlinear
Schroedinger equation that was solved using the split-step
Fourier method. This model takes into account Kerr non-
linearities, stimulated Raman scattering, dispersion effects,
amplified-spontaneous emission (ASE) noise, filtering effects,
intersymbol interference, and linear crosstalk effects (for more
details an interested reader is referred to [6]). It is well known
that at 40-Gb/s and above the intra-channel nonlinearities, such
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as intra-channel four-wave mixing (IFWM) and intra-channel
cross-phase modulation (IXPM), dominate over inter-channel
nonlinearities. IXPM effects can be controlled by a proper
dispersion map design, while IFWM cannot be eliminated
using this approach. The dispersion map shown in Fig. 5 is
selected in such a way that IFWM is the pre-dominant intra-
channel nonlinear effect. The span length is set to L=120 km,
and each span consists of 2L/3 km of D+ fiber followed
by L/3 km of D- fiber. Pre-compensation of -1600 ps/nm
and corresponding post-compensation are also applied. The
parameters of D+ and D- fibers, used in simulations, are given
in Table 1. RZ modulation format of a duty cycle of 0.33
is observed, the extinction ratio is 14 dB, and the launched
power is set to 0 dBm. EDFAs with noise figure of 6 dB are
deployed after every fiber section, the bandwidth of optical
filter (modeled as super-Gaussian filter of eight order) is set
to 3Rl and the bandwidth of electrical filter (modeled as
Gaussian filter) to 0.7Rl, with Rl being the line rate (defined
as the bit rate (40 Gb/s) divided by a code rate). The line rate
(defined above) is appropriately chosen so that the effective
information rate is 40 Gb/s.

Fig. 6 shows the conditional PDFs p(yj |x[j − m, j + m])
obtained for dispersion map described above for m = 2. As
expected, by increasing the number of spans, the ghost pulse at
the central bit position for the state s =′ 11011′ grows, hence
shifting the mean of the PDF to the right. After certain number
of spans the mean of PDF exceeds the decision threshold
resulting in an error. On the other hand, the mean of PDF
for an isolated one (in state s =′ 00100′) shifts to the left
as the number of spans increases, suggesting that assumed

TABLE I

FIBER PARAMETERS

0.250.19Attenuation Coefficient [dB/km]
2.6 10-202.6 10-20Nonlinear refractive index [m2/W]

50110Effective Cross-sectional Area [ m2]

-0.120.06Dispersion Slope [ps/(nm2 km)]

-4020Dispersion [ps/(nm km)]

D- FIBERD+ FIBERParameters

memory 2m + 1 = 5 is not sufficiently large to capture the
effect of intersymbol interference completely. However, even
the partial elimination of nonlinear ISI may lead to significant
BER performance improvement, as shown later. To estimate
the PDFs, the region of all possible samples is quantized in
64 bins, and the number of occurrences of samples in a given
bin is counted and normalized with total number of samples
in all bins.

The results of simulations for a single-channel optical
transmission system operating at 40 Gb/s, with dispersion
map described above, are shown in Fig. 7. The number
of spans was changed from 20 to 60 in step of 2, the
uncoded BER at 40 Gb/s (denoted as BERunc) and BER
after iterative decoding at line rate Rl = Rb/R (Rb = 40
Gb/s, R is the code rate) were calculated and given in Fig.
7 as x- and y-axis respectively. In Fig. 7(a) we omitted
the BCJR equalizer in order to be able to evaluate different
classes of LDPC codes introduced in previous Section in the
presence of bursts of errors due to intrachannel nonlinearities.
The proposed LDPC codes outperform the TPC even in the
presence of simultaneous random and bursts errors. The BER
performance comparison of LDPC-coded TE against large-
girth LDPC codes and turbo-product codes is given in Fig.
7(b), for different trellis memories. LDPC-coded TE with
memory 2m+1 = 7 provides almost 12 dB improvement over
memoryless BCJR equalizer (assumed memory is m = 0) at
BER of 10−8.

V. CHROMATIC DISPERSION COMPENSATION

The chromatic dispersion is time invariant so that it is
quite straightforwardly to compensate for by using the ad-
vanced detection and coding techniques. Several of such tech-
niques based on Viterbi equalizer have been recently proposed
[7],[11].

The Viterbi equalizer is a maximum-likelihood sequence
detection technique whose complexity grows exponentially
with residual group-velocity dispersion. In order to reduce
the complexity of Viterbi equalizer a narrowband electrical
filtering has been proposed in [11], by exploiting the fact
that duo-binary like modulation formats are more immune to
residual chromatic dispersion than conventional NRZ mod-
ulation format. Nevertheless to achieve 600 km transmission
without optical dispersion compensation Viterbi equalizer with
64 states was used. It has been shown in [7] that the Viterbi
equalizer can be used to compensate for cumulative dispersion
over 1000km, which represents an important theoretical result,
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Fig. 7. BER performance of different coding schemes at 40 Gb/s for
dispersion map from Fig. 5: (a) BER performance of large girth block-
circulant LDPC codes, (b) LDPC-coded TE against LDPC codes and TPC.

but the complexity of Viterbi equalizer with 8192 states is too
high to be of practical importance.

The simulations results for an NRZ single-channel op-
tical transmission system given in Fig. 8, operating at 10
Gb/s (effective information rate), are shown in Fig. 9. The
dispersion and dispersion slope parameters are selected to
be 16 ps/nm-km, and 0.08 ps/(nm2-km), respectively. NRZ
pulses are modeled using raised-cosine pulse shape with roll-
off factor of 0.5, and the launched power is set to 0dBm.
The BCJR equalizer alone for trellis memory 2m + 1 = 7
(128 states) enters the error floor, while TE provides more

Transmitter

N spans
SMF

EDFA Photodetector
Electrical

Filter Sampler Turbo
EqualizerTransmitter

N spans
SMF

EDFA Photodetector
Electrical

Filter Sampler Turbo
Equalizer

Fig. 8. System description for study of chromatic dispersion compensation
based on LDPC-coded turbo equalization.
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Fig. 9. BER performance of LDPC(16935,13550)-coded chromatic disper-
sion turbo equalizer of trellis memory 2m + 1 = 7 for SMF length of 700
km.

than 700km of error free transmission. Moreover, here we
employed conventional NRZ instead of narrowband filtered
NRZ used in [11].

VI. PMD COMPENSATION

The nonlinear ISI TE introduced in Section II can also be
used as a PMD compensator. As explained earlier, the TE
(see Fig. 1(a)) is composed of two components: the BCJR
equalizer, and LDPC decoder. The purpose of BCJR equalizer
is to deal with ISI due to PMD, and to provide soft bit relia-
bilities (LLRs) for LDPC decoder. The results of simulations,
for 10 Gb/s (effective information rate) transmission and ASE
noise dominated scenario, are shown in Fig. 10 for DGD
=100 ps and girth-10 LDPC code of rate 0.81. RZ-OOK of
a duty cycle of 0.33 is observed. The bandwidth of optical
filter (modeled as super-Gaussian of order 8) is set to 3Rl,
and the bandwidth of electrical filter (modeled as Gaussian)
to 0.7Rl, with Rl being the line rate. For DGD of 100 ps,
the R=0.81 LDPC-coded turbo equalizer (for trellis memory
2m+1 = 7) has penalty of only 2 dB with respect to the back-
to-back configuration. The turbo equalizer employing the code
of girth-10 provides more than 1 dB improvement with respect
to girth-8 LDPC code we employed in [10]. (Notice however,
that scheme in [10] operates at 40 Gb/s.)

We further demonstrate the capability of LDPC-coded turbo
equalizer in simultaneous chromatic dispersion and PMD
compensation. The results of simulation after 700 km of SMF
and for DGD of 50 ps, assuming NRZ transmission at 10
Gb/s, are given in Fig. 11. The BCJR equalizer enters BER
floor that is so high that even concatenated RS code is not
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Fig. 10. BER performance of LDPC(16935,13550)-coded PMD TE with
trellis memory 2m + 1 = 7.

able to handle, while LDPC-coded turbo equalizer is able to
operate properly.

In the rest of this Section we turn our attention to the
experimental verification. The experimental setup for PMD
compensation study by LDPC-coded turbo equalization is
shown in Fig. 12. The LDPC-encoded sequence is uploaded
into Anritsu pattern generator via GPIB card controlled by a
PC. A zero-chirp Mach-Zehnder modulator is used to generate
the NRZ data stream. The launch power is maintained at
0 dBm at the input of PMD emulator (with equal power
distribution between states of polarization). The output of
PMD emulator is combined with an ASE source immediately
prior to the preamplifier. The ASE noise power is controlled
by variable optical attenuator (VOA) in order to provide an
independent optical SNR (OSNR) adjustment at the receiver.
A standard pre-amplified PIN receiver is used for direct
detection and is preceded by another VOA to maintain a
constant received power of -6 dBm. The sampling oscilloscope
(Agilent), triggered by the data pattern, is used to acquire
the received sequences, downloaded via GPIB card back to
the PC which serves as an LDPC-coded turbo equalizer. The
experimental results for 10 Giga symbols/s NRZ transmission
are shown in Fig. 13, for different DGD values. The TE
is based quasi-cyclic LDPC(11936,10819) code of code rate
0.906 and girth-10, with 5 outer and 25 sum-product algorithm
iterations. The OSNR penalty for DGD of 125 ps is about 3dB
at BER = 10−6, while the coding gain improvement over
BCJR equalizer (with memory 2m + 1 = 5) for DGD=125ps
is 6.25 dB at BER = 10−6. Larger coding gains are expected
at lower BERs.

In previous three Sections we have demonstrated that
LDPC-coded turbo equalizer is an excellent nonlinear ISI
equalizer, capable to simultaneously mitigate intra-channel
nonlinearities, residual chromatic dispersion and PMD. This
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Fig. 11. BER performance of LDPC(16935,13550)-coded TE of trellis
memory 2m + 1 = 7 for simultaneous chromatic dispersion and PMD
compensation.

lead us to a non-trivial question, what is the channel capacity
and how closely can it be approached by using LDPC-coded
turbo equalization. This problem is addressed in next Section.

VII. ACHIEVABLE INFORMATION RATE STUDY

In this Section we address the problem of calculating the
channel capacity for an i.i.d. information source. The i.i.d.
channel capacity is also known as achievable information
rate (see [26]-[29] and references therein), and represents
the lower bound on channel capacity. To calculate the i.i.d.
channel capacity, similarly as in Section II, we model the
optical channel (the whole transmission system) as the non-
linear ISI channel, in which m previous and next m bits
influence the observed bit. The optical communication channel
is characterized by the conditional PDF of the output vector
of samples y = (y1, . . . , yn, . . .), yi ∈ Y (Y is the set
possible outputs), given the source (channel input) sequence
x = (x1, . . . , xn, . . .), xi ∈ X = {0, 1}. The information rate
can be calculated from:

I(Y ;X) = H(Y ) − H(Y |X), (9)

where H(U) = E(log2P (U)) is the entropy of a random
variable U and E() is the mathematical expectation operator.
The Shannon-McMillan-Brieman theorem states that [30]:

E(log2(P (Y ))) = lim
n−>∞[(1/n) log2(P (y[1, n]))], (10)

where y[1, n] = (y1, . . . , yn). Thus the information rate can
be determined by calculating log2(P (y[1, n])), for sufficiently
long sequence. By substituting (10) into (9) we get (11). Given
the channel model, the conditional PDF described in Section
II P (yi|y[1, i−1], x[1, n]) = P (yi|x[i−m, i+m]) = P (yi|s).
Therefore, the first term in (11) can be straightforwardly calcu-
lated from transition PDFs P (yi|s). To calculate P (yi|y[1, i−
1]) we use the forward recursion of BCJR algorithm described
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Fig. 12. Experimental setup for PMD compensation study by LDPC-coded turbo equalization.

I(Y ;X) = lim
n−>∞

[
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in Section II. Notice that in [26],[27] we used the forward
recursion of probabilistic-domain BCJR algorithm to calculate
the i.i.d. channel capacity. In this paper, we use the log-
domain version instead (similarly as in [28],[29]), because it is
numerically more stable and allows to study the quantization
effects. Moreover, the references [26],[27] concentrate on
fiber nonlinearities, the reference [28] on chromatic dispersion
and the reference [29] on PMD. Here we consider the joint
influence of different channel impairments on i.i.d. channel
capacity.

In Fig. 14 we show the i.i.d. channel capacity against optical
SNR for different memory assumptions in BCJR equalizer,

4 8 12 16 20 24
0.0

0.2

0.4

0.6

0.8

1.0

i.i
.d

. c
ha

nn
el

 c
ap

ac
ity

, C
 [b

its
/c

ha
nn

el
 u

se
]

Optical signal-to-noise ratio, OSNR [dB / 0.1 nm]

RZ, =100 ps:
m=3,2,1
m=0

Fig. 14. i.i.d. channel capacity for DGD of 100 ps, assuming RZ transmission
at 10-Gb/s.

in the presence of PMD, for DGD of 100 ps, observing
the RZ transmission at 10 Gb/s. As expected, the BCJR
equalizer of memory m = 1 is sufficient to compensate
for this level of DGD, while the memoryless assumption
(m = 0) leads to significant i.i.d. channel capacity loss. In
Fig. 15 we show the i.i.d. channel capacity against optical
SNR for different memory assumptions in BCJR equalizer,
in the presence of residual chromatic dispersion of 11200
ps/nm (which corresponds to 700 km of SMF with dispersion
and dispersion slope being 16 ps/nm-km, and 0.08 ps/nm2-
km, respectively). The NRZ transmission system operating at
10 Gb/s is observed. The BCJR equalizer memory m=3 is
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sufficient to compensate for this level of residual chromatic
dispersion, while for the lower memories this effect cannot
be eliminated at all by any equalization scheme alone, and
FEC is unavoidable. To achieve the i.i.d. channel capacity
of 1, for lower optical SNR values, we have to increase
the BCJR equalizer memory. In Fig. 16 we show the i.i.d.
channel capacity against optical SNR for different memories
in BCJR equalizer, in the presence of both residual chromatic
dispersion (11200 ps/nm) and PMD with DGD of 50 ps. The
NRZ transmission system operating at 10 Gb/s is observed
as well. For the memory m=3, the unity information rate is
achieved for higher OSNR values (about 4 dB higher). The
LDPC code of rate 0.8 used in Fig. 11 is only 1 dB away from
the channel capacity. To come closer to the channel capacity
curve we have to increase the number of iterations, both inner
and outer ones, and to employ longer LDPC codes. In Fig.
17 we show the i.i.d. channel capacity in the presence of
intrachannel nonlinearities against the number of spans, for
dispersion map shown in Fig. 5. The RZ transmission system
operating at 40 Gb/s is observed. For this particular dispersion
map, if LDPC codes of rate 0.8 are used, and assuming that
the BCJR equalizer operates with memory m=3, 7200 km can
be achieved. To extend the transmission distance further, we
have to increase the memory in trellis description of channel,
employ an optimum dispersion map, and optimize the system
parameters. In Fig. 18 we show how the i.i.d. channel capacity
degrades with quantization of LLRs, for the same system used
in Fig. 17. The use of three bits to represent the LLRs result
in moderate channel capacity loss, while the use of only 2 bits
results in significant channel capacity loss.

VIII. SUMMARY

In this paper we studied the LDPC-coded turbo equalization
scheme as a universal nonlinear ISI equalizer that can be used
to simultaneously suppress fiber nonlinearities, and to compen-
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Fig. 17. The influence of memory effects on i.i.d. channel capacity versus
the number of spans for dispersion map shown in Fig. 5, assuming RZ
transmission at 40-Gb/s.

sate accumulated chromatic dispersion and PMD. The LDPC
codes required for turbo equalizer were designed as large girth
(g ≥ 8) block-circulant (array) LDPC codes, and the MAP
detector was implemented using BCJR algorithm based equal-
izer. The LDPC codes from this class have low complexity of
decoder, and are suitable for FPGA and VLSI implementations
at high-speed. The first step toward the FPGA implementation
of LDPC-coded turbo-equalizer, the FPGA implementation
of quasi-cyclic LDPC decoder has been described in our
recent paper [31]. For an NRZ system operating at 10 Gb/s
with residual dispersion of 11200 ps/nm and for DGD of 50
ps, the LDPC-coded TE operating on trellis with memory
m = 3 is only 1 dB away from the i.i.d channel capacity.
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The LDPC-coded TE provides almost 12 dB improvement
over BCJR equalizer for an RZ system operating at 40 Gb/s
in the presence of intrachannel nonlinearities. We perform
simulations to demonstrate that this turbo equalizer is able to
simultaneously deal with different channel impairments. We
conduct experiments to verify the efficiency of this equalizer
in PMD compensation. We determined the i.i.d. channel
capacity, and studied how closely the channel capacity can be
approached using turbo equalizer of reasonable complexity.
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